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EXERCISES 8.4

In Exercises 1 and 2, shift the summation indices to com-
bine the given expressions into the sum of a finite number
of terms and a single summation.

1. (a) 2
∞∑

n=0

anxn+c + (1 + x)
∞∑

n=0

anxn+c−2.

(b) 3
∞∑

n=0

anxn+c + 2x2
∞∑

n=0

anxn+c−1.

2. (a) (x − x3)
∞∑

n=0

anxn+c + 3
∞∑

n=0

anxn+c−1.

(b) (x2 − x)
∞∑

n=0

anxn+c + 2
∞∑

n=0

anxn+c−2.

In Exercises 3 through 6, use long division and multiplica-
tion of series to find the first four terms of the given expres-
sions.

3. (a)
1

∞∑
n=0

(−1)nxn/(n + 1)

.

(b) (1 − x/2 + x2/4 − x3/8 + x4/16 − x5/32 + · · ·) exp(x).
(c) (1 − x/2 + x2/3 − x3/4 + x4/5 − · · ·)(1 − x +

x2/2 − x3/3 + x4/4 − · · ·).
4. (a) (1 + 2x + x2)/(3 − x + 2x4).

(b)

( ∞∑
n=1

xn

n2

)( ∞∑
n=1

(−1)n+1xn

(n + 1)

)
.

5. (a)
∫

1
x

(
1 − 3x + x2

2 − exp(x)

)
dx. (b)

∫
exp x

(x + x2 + x3)
dx.

6. (a)
∫

1
x2

(1 + 2x − x2)
(1 + x + 2x3)

dx. (b)
∫

1
x

exp(−x)
(1 − 2x + 2x2)

dx.

In Exercises 7 through 26, find two linearly independent so-
lutions for x > 0, and determine at least the first four leading
terms in the second solution y2(x).

7. 4x2 y′′ + 2xy′ + (x − 2)y = 0.

8. 3x2 y′′ − xy′ + (x + 1)y = 0.

9. 2x2 y′′ + xy′ − (2x + 1)y = 0.

10. 2x2 y′′ + xy′ − (3x + 1)y = 0.

11. (x2 − 1)y′′ + 2xy′ + y = 0.

12. 2x2 y′′ + 2xy′ + (x2 − 2)y = 0.

13. x(1 − x)y′′ + (1 − x)y′ − y = 0.

14. 2x2 y′′ − 2xy′ + (x2 + 2)y = 0.

15. x2 y′′ + (2x2 − x)y′ + y = 0.

16. x2 y′′ + 2(x2 − x)y′ + 2y = 0.

17. x2 y′′ + (x2 − 2x)y′ + 2y = 0.

18. x2 y′′ − xy′ + (x2 + 1)y = 0.

19. 16x2 y′′ + 8xy′ + (16x + 1)y = 0.

20. 2x2 y′′ + 2xy′ + (x − 2)y = 0.

21. x2 y′′ + (x2 − x)y′ − 3y = 0.

22. 4x2 y′′ − 2x2 y′ + (2x + 1)y = 0.

23. x2 y′′ + (x2 + x)y′ − 4y = 0.

24. 9x2 y′′ − 6xy′ + 2y = 0.

25. x2 y′′ − 4xy′ + 20y = 0.

26. 4x2 y′′ + 8xy′ + 5y = 0.

27. By shifting the critical point to the origin, find two lin-
early independent solutions of the following equation
in an interval of the form 0 < x + 1 < d:

2(x + 1)y′′ + y′ − (x + 1)y = 0.

28. By shifting the critical point to the origin, find two lin-
early independent solutions of the following equation
in an interval of the form 0 < x − 2 < d:

(x − 2)2 y′′ − (x − 2)y′ + (x2 − 4x + 5)y = 0.

8.5 The Gamma Function Revisited

The function �(x), called the gamma function, was introduced in (4) ofmore about the
Gamma function Section 7.1 in connection with the Laplace transform of ta when a is not an in-

teger, and it was defined in terms of the improper integral

�(x) =
∫ ∞

0
e−t t x−1 dt for x > 0. (32)

a fundamental result
It was shown that �(x) satisfies the recurrence relation

�(x + 1) = x�(x) for x > 0, (33)
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FIGURE 8.4 The function �(x) in the interval
0 < x < 5.
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FIGURE 8.5 The function �(x) in the interval
−3 < x < 4.

and that when x is a positive integer n the gamma function reduces to

�(n + 1) = n!. (34)

Thus, for any real x > 0, the function �(x) interpolates continuously between
successive values of n!, and so generalizes the factorial function to nonintegral
values of n. For obvious reasons the gamma function is sometimes called the
factorial function. Figure 8.4 shows a graph of �(x) in the interval 0 < x < 5.

The gamma function can be extended to x < 0 for x �= −1, −2, . . . , at which
point it becomes infinite. A graph of �(x) in the interval −3 < x < 4 is shown in
Fig. 8.5.

The value of �(1/2) is often needed, and it can be found by means of the
following method in which the integral defining �(1/2) is squared and converted to
a double integral that is easily evaluated. If the method used is unfamiliar the details
can be omitted, though the result given in (35) is useful and should be remembered.

From (32) we have

[�(1/2)]2 =
(∫ ∞

0
u−1/2e−udu

)(∫ ∞

0
v−1/2e−vdv

)
,

where the two dummy variables u and ν have been introduced to avoid confusion
when the product of integrals is combined.

Writing u = x2 and v = y2 allows this product of integrals to be written as

[�(1/2)]2 =
(∫ ∞

0
2e−x2

dx
)(∫ ∞

0
2e−y2

dy
)

= 4
∫ ∞

0

∫ ∞

0
e−(x2+y2)dxdy.

As the integral in terms of cartesian coordinates is only evaluated over the first
quadrant, changing to the polar coordinates (r, θ) by setting x = r cos θ, y = r sin θ ,
and using the result r2 = x2 + y2 reduces this last integral to

[�(1/2)]2 = lim
ρ→∞ 4

∫ π/2

0
dθ

∫ ρ

0
e−r2

rdr = 4 · (π/2) lim
ρ→∞

[
−1

2
e−r2

]ρ

0
= π.

Taking the square root shows thata useful special case

�(1/2) = √
π. (35)
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When x is a multiple of 1/2, repeated use of recurrence relation (33) combined
with result (35) allows �(x) to be simplified, as illustrated in the following example.

EXAMPLE 8.13 Find (a) �(7/2) and (b) �(−3/2).

Solution

(a) From (33) it follows that

�

(
7
2

)
= 5

2
�

(
5
2

)
= 5

2
· 3

2
�

(
3
2

)
= 5

2
· 3

2
· 1

2
�

(
1
2

)
= 15

8

√
π.

(b) Setting x = −3/2 in (33) gives(
−3

2

)
�

(
−3

2

)
= �

(
−1

2

)
,

whereas setting x = −1/2 in (33) gives

(
−1

2

)
�

(
−1

2

)
= �(1/2) = √

π.

So, combining these two results, we find that

�

(
−3

2

)
=
(

−2
3

)(
−2

1

)
�(1/2) = 4

3

√
π.

The reason for this re-examination of the gamma function is because it enables
the coefficients of a series expansion to be expressed in a concise form. For example,
it follows directly from (34) that the binomial coefficient

(
n
m

)
= n!

m!(n − m)!
= �(n + 1)

�(m + 1)�(n − m + 1)
. (36)

Expressing a binomial coefficient with integer entries in terms of the gamma
function offers no particular advantage over the use of factorials, but the preceding
result generalizes to the more useful result

(
α

m

)
= �(α + 1)

�(m + 1)�(α − m + 1)
(37)

when α is any nonnegative real number (not necessarily an integer). This expression
is often useful when performing numerical calculations.

As another example of the use of (33) we notice that we can write

a(a + 1)(a + 2) . . . (a + n) = �(a + n + 1)
�(a)

, (38)
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where n is a positive integer and the real number a > 0. Thus, for example, in terms
of the gamma function the following product becomes(

1
2

)(
3
2

)(
5
2

)(
7
2

)
= �

( 1
2 + 3 + 1

)
�
( 1

2

) = �
( 9

2

)
�
( 1

2

) .
Result (38) generalizes further to provide a concise representation of the prod-

uct of n + 1 factors c(c + d)(c + 2d) . . . (c + nd). By writing the product as

c(c + d)(c + 2d) . . . (c + nd) = dn+1
( c

d

) ( c
d

+ 1
) ( c

d
+ 2

)
· · ·
( c

d
+ n

)
,

and then setting a = c/d in (38), we arrive at the useful result

c(c + d)(c + 2d) . . . (c + nd) = dn+1 �
( c

d + n + 1
)

�
( c

d

) . (39)

EXAMPLE 8.14 The nth coefficient of a series is given by

an = 1 · 5 · 9 · 13 . . . (4n + 1)
2n

.

Express an in terms of the gamma function.

Solution Comparing the numerator of an with result (39) shows that it contains
n + 1 factors, and in the notation of (39) we have c = 1 and d = 4. Thus,

1 · 5 · 9 · 13 . . . (4n + 1) = 4n+1 �
(
n + 5

4

)
�
( 1

4

) ,

so dividing by 2n we find that

an = 4n+1 �
(
n + 5

4

)
2n�

( 1
4

) = 2n+2 �
(
n + 5

4

)
�
( 1

4

) .

Two special products of this type arise when working with series as, for example,
occurs in the case of Legendre polynomials. These products involve either the
product of consecutive pairs of odd numbers or the product of consecutive pairs of
even numbers. Although these products can be expressed in terms of the gamma
function, a convenient and concise double factorial notation is used. We define thethe double factorial
double factorial !! as follows:

1 · 3 · 5 · · · (2n + 1) = (2n + 1)!! and 2 · 4 · 6 · · · (2n) = (2n)!!. (40)

Alternative expressions for these double factorials in terms of the usual factorial
function are

(2n + 1)!! = (2n + 1)!
2nn!

and (2n)!! = 2nn!. (41)

The following relationship connecting gamma functions is sometimes useful:

�(x)�(1 − x) = π

sin πx
. (42)



484 Chapter 8 Series Solutions of Differential Equations, Special Functions, and Sturm–Liouville Equations

However, this result will not be proved here as it requires the techniques of complex
integration.

In passing, we mention a function B(x, y) called the beta function that is related
to the gamma function. The beta function, which has applications in statistics andthe beta function
elsewhere, is defined as the integral

B(x, y) =
∫ 1

0
t x−1(1 − t)y−1dt with x > 0, y > 0. (43)

The following are the most important properties of the beta function:

Symmetry:

B(x, y) = B(y, x) (44)

Connection with the gamma function:relating gamma and
beta functions

B(x, y) = �(x)�(y)
�(x + y)

(45)

Relationship between beta functions:

B(x, y) =
(

y − 1
x + y − 1

)
B(x, y − 1) =

(
x + y

y

)
B(x, y + 1), (46)

Special values:

B(1, 1) = 1 and B(1/2, 1/2) = π. (47)

Outline proofs of results (42) to (44) will be found in the harder exercises at
the end of this section.

The gamma function in the complex plane is discussed in reference [6.7], and
general information about the gamma function and related functions is contained
in Chapter 6 of reference [G.1] and Chapter 11 of reference [G.3].

Summary The gamma function that was introduced earlier was seen to provide a natural extension
to arbitrary values of x of the factorial function n!, where n is an integer. In this section the
gamma function was examined in greater detail and some useful values were derived in
terms of π . The beta function was then defined and related to the gamma function.

EXERCISES 8.5

1. Express �(5/2), �(−5/2), and �(9/2) in terms of√
π .

2. Express �(−9/2), �(11/2), and �(−11/2) in terms
of

√
π .

3. Express �(5/4), �(−5/4), and �(7/4) in terms of ei-
ther �(1/4) or �(−1/4).

4. Express �(−7/4), �(9/4), and �(3/4) in terms of ei-
ther �(1/4) or �(−1/4).

5. Express the product 6 · 11 · 16 · 21 . . . (5n + 6) in terms
of the gamma function.

6. Express the product 1 · 3 · 5 · 7 · 11 . . . .(2n + 1) in
terms of the gamma function.
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7. Express the product 5 · 8 · 11 · 14 . . . (3n + 5) in terms
of the gamma function.

8. Express the product 4 · 8 · 12 · 16 . . . (4n + 4) in terms
of the gamma function.

9. Show that

�

(
1
2

− n
)

= (−1)n√π(
n − 1

2

)(
n − 3

2

)(
n − 5

2

)· · ·( 1
2

) .
10. Show that

�

(
n + 1

2

)
=
(

n − 1
2

)(
n − 3

2

)
· · ·
(

1
2

)√
π.

The following slightly harder exercises provide more infor-
mation about the gamma function.
11.* Use the result �(n + 1

2 ) = (n − 1
2 )�(n − 1

2 ) with the re-
sult of Exercise 9 to show that

�(2n) = 22n−1�(n)�
(
n + 1

2

)
√

π
.

12.* Show that �(x) = ∫ 1
0 (ln 1

u )x−1du for x > 0.

13.* Show that �(x) = 2
∫∞

0 e−u2
u2x−1du for x > 0.

14.* The function ψ(x), called the psi function or the
digamma function, is defined as

ψ(x) = d
dx

[ln �(x)].

Show that

ψ(x + 1) = ψ(x) + 1
x

for x > 0.

15.* Use the result of Exercise 14 to show that

ψ(x + n) = ψ(x) +
n−1∑
k=0

1
x + k

where n >1 is an integer.

16.* By making the variable change u = 1 − t in the inte-
gral defining B(x, y), show that B(x, y) = B(y, x).

17.* Integrate B(x, y) by parts to obtain the result of (46)
that

B(x, y) =
(

y − 1
x + y − 1

)
B(x, y − 1),

and use this result to obtain the second result of (46).
18.* Use the result of Exercise 17 to show that if m and n

are integers,

B(m, n) = (m − n)!(n − 1)!
(m + m − 1)!

= �(m)�(n)
�(m + n)

,

and so

B(m, n) = �(m)�(n)
�(m + n)

.

8.6 Bessel Function of the First Kind Jn(x)

In standard form, Bessel’s equation is writtenBessel’s equation

x2 d2 y
dx2

+ x
dy
dx

+ (x2 − ν2)y = 0, (48)

where ν ≥ 0 is a real number. Another useful form of Bessel’s equation that often
arises in applications is

x2 d2 y
dx2

+ x
dy
dx

+ (λ2x2 − ν2)y = 0. (49)

This form of the equation is obtained from (48) by first making the change of
variable x = λu, and then replacing u by x.

When developing the properties of Bessel functions in this section the standard
form of the equation given in (48) will be used. Applications of Bessel functions to
partial differential equations are made in Chapter 18.

Bessel’s equation has a singularity at the origin, and using the notation of
Section 8.4 with P(x) = 1/x and Q(x) = (x2 − ν2)/x2, we find that

p0 = lim xP(x) = 1
x→0

and q0 = lim
x→0

x2 Q(x) = −ν2,

showing that the origin is a regular singular point.
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The indicial equation is seen to be

c2 − ν2 = 0, (50)

so the roots c1 = ν and c2 = −ν are distinct when ν �= 0, and there is a repeated zero
root when ν = 0. Thus, when ν = 0, the second Frobenius solution will contain a
logarithmic term, whereas when c1 − c2 is an integer the second Frobenius solution
may or may not contain a logarithmic term. When c1 − c2 �= 0 is not an integer,
neither of the two linearly independent Frobenius solutions contains a logarithmic
term.

Substituting y(x) = ∑∞
r=0 ar xr+c into (48) gives

∞∑
r=0

(r + c)(r + c − 1)ar xr+c +
∞∑

r=0

(r + c)ar xr+c +
∞∑

r=0

ar xr+c+2 − ν2
∞∑

r=0

ar xr+c = 0.

Shifting the summation index in the third summation and collecting terms under a
single summation leads to the result

(c2 − ν2)a0xc + [(c + 1)2 − ν2]a1xc+1 +
∞∑

r=2

[(r + c + ν)(r + c − ν)ar + ar−2]xr+c = 0.

Equating the coefficients of powers of x to zero shows the following:

Coefficient of xc:

(c2 − ν2)a0 = 0 (the indicial equation, because a0 �= 0)

Coefficient of xc+1:

[(c + 1)2 − ν2]a1 = 0 (a condition on a1)

Coefficient of xr+c:

[(r + c)2 − ν2]ar + ar−2 = 0 (a recurrence relation) (51)

As (c + 1)2 − ν2 �= 0, it follows from the second result that a1 = 0, and then from
the recurrence relation (51) that ar = 0 for all odd r . As only even indices r are
involved in the recurrence relation, we set r = 2m with m = 0, 1, . . . , after which
substituting c = ν in the recurrence relation reduces it to

a2m = − 1
4m(m + ν)

a2m−2, for m = 1, 2, . . . . (52)

As a0 is arbitrary, we normalize the solution in the standard manner by setting

a0 = 1
2ν�(1 + ν)

,

after which the coefficients a2m become

a2 = − a0

22(1 + ν)
= − 1

22+ν1!�(2 + ν)
, a4 = − a2

222(2 + ν)
= 1

24+ν2!�(3 + ν)
, . . . ,

and, in general,

a2m = − (−1)m

22m+νm!�(m + 1 + ν)
, for m = 1, 2, . . . . (53)
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Using this result in the first Frobenius solution, which hereafter will be denoted by
Jν(x) and called a Bessel function of the first kind of order ν, givesthe Bessel function

Jν(x)

Jν(x) = xν
∞∑

m=0

(−1)mx2m

22m+νm!�(m + 1 + ν)
for x ≥ 0. (54)

When x < 0 the corresponding expression for Jν(x) follows from the preceding
result by reversing the sign of x in the series and replacing xν by |x|ν . The ratio test
shows the series for Jν(x) to be absolutely convergent for all x.

So far ν has been an arbitrary nonnegative number, but the standard convention
is that when ν is an integer it is denoted by n. Using the result that when ν = n the
gamma function �(m + 1 + n) = (m + n)! allows Jn(x) to be written in the simpler
form

Jn(x) =
∞∑

m=0

(−1)m x2m+n

22m+nm!(m + n)!
, for n = 0, 1, 2, . . . . (55)

It was because of this use of n that, to avoid confusion, the summation index in the
series was chosen to be m. The two most important special cases of (55) are:

Bessel function of the first kind of order zero:Bessel functions
J0(x) and J1(x)

J0(x) =
∞∑

m=0

(−1)m x2m

22m(m!)2
= 1 − x2

22(1!)2
+ x4

24(2!)2
− x6

26(3!)2
+ · · · (56)

Bessel function of the first kind of order 1:

J1(x) =
∞∑

m=0

(−1)m x2m+1

22m+1m!(m + 1)!
= x

2
− x3

231!2!
+ x5

252!3!
− x7

273!4!
+ · · · .

(57)

Graphs of J0(x), J1(x), and J2(x) are shown in Fig. 8.6.
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FIGURE 8.6 Graphs of the Bessel functions of the first
kind J0(x), J1(x), and J2(x).
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Having found Jν(x), which is one solution of Bessel’s equation (48), we must
now find a second linearly independent solution in order to arrive at a basis for
solutions of the equation, and hence to arive at the general solution. The nature
of a second linearly independent solution will depend on the value of ν, and the
simplest situation arises when ν is not an integer. In this case, because c2 = ν2, a
second linearly independent solution will follow from (54) by replacing ν by −ν.
Denoting this second solution by J−ν(x) we find that

J−ν(x) = |x|−ν
∞∑

m=0

(−1)m x2m

22m−νm!�(m + 1 − ν)
for x �= 0. (58)

When ν is not an integer, the general solution of Bessel’s equation (48) can begeneral solution of
Bessel’s equation written

y(x) = C1 Jν(x) + C2 J−ν(x), for x �= 0, (59)

with C1 and C2 arbitrary constants. The corresponding general solution of (49) is
then

y(x) = C1 Jν(λx) + C2 J−ν(λx), for x �= 0. (60)

The nature of the second linearly independent solution when ν = n will be
considered later. In the meantime we will show that when ν = n, the Bessel functions
Jn(x) and J−n(x) are linearly dependent. This is most easily seen by taking the limit
of (58) as ν → n. Gamma functions with negative integer arguments are infinite, so
the coefficients a2m in which they occur will all vanish, causing the summation to
start at the value m = n. Using the result �(m + 1 − n) = (m − n)! then shows that
the series for J−n(x) is

J−n(x) =
∞∑

m=n

(−1)m x2m−n

22m−nm!(m − n)!
,

and after a shift of the summation index this becomes

J−n(x) = (−1)n
∞∑

m=n

(−1)m x2m+n

22m+nm!(m + n)!
, for n = 1, 2, . . . . (61)

A comparison of (55) and (61) shows that J−n(x) is a constant multiple of Jn(x), so
the two functions Jn(x) and J−n(x) are linearly dependent. To be precise,

J−n(x) = (−1)n Jn(x) for n = 1, 2, . . . . (62)

The absolute convergence of the series for Jν(x) allows it to be differentiated
term by term. Using this fact, and comparing of the derivative of the series for J0(x)
with the series for J1(x), shows that

J ′
0(x) = −J1(x). (63)

This result is the simplest example of the many relationships that exist between
Bessel functions. The four most important results are the following:
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Relationships between derivatives of Jν(x):relationships between
derivatives and some
recurrence relations d

dx
[xν Jν(x)] = xν Jν−1(x) (64)

d
dx

[
x−ν Jν(x)

] = −x−ν Jν−1(x) (65)

Recurrence relations involving Jν(x):

Jν−1(x) + Jν+1(x) = 2ν

x
Jν(x) (66)

Jν−1(x) − Jν+1(x) = 2J ′
ν(x) (67)

We show next that these results are easily verified by substituting the series
solution for Jν(x) given in (54) into each relationship, though the direct derivation
of these relationships is a more complicated matter. An indication of one way in
which to arrive at these results without appealing to the series solution (54) is to be
found in the set of exercises at the end of this section.

To establish (64) we start by multiplying the series (54) for Jν(x) by xν to obtain

xν Jν(x) =
∞∑

m=0

(−1)m x2m+2ν

22m+νm!�(m + 1 + ν)
.

Differentiating this result and removing a factor xν from the summation gives

d
dx

[xν Jν(x)] = xν
∞∑

m=0

(−1)m x2m+ν−1

22m+ν−1�(m + ν)
,

but the series on the right-hand side is simply Jν−1(x), so we have shown that

d
dx

[xν Jν(x)] = xν Jν−1(x).

Result (65) is established in similar fashion by differentiating x−ν Jν(x).
The recurrence relations can be obtained as follows. Carrying out the indicated

differentiations and cancelling a factor xν in (64) and (65) gives

J ′
ν(x) = Jν−1(x) − ν

x
Jν(x) (64)′

and

J ′
ν(x) = ν

x
Jν(x) − Jν+1(x). (65)′

Results (66) and (67) now follow first by subtraction and then by addition of these
two results.

Result (66) is useful because it relates Jν(x) to Jν−1(x) and Jν+1(x), whereas
(64) and (65) can be used to evaluate certain integrals involving Jν(x), because by
integrating (64) and (65) we obtain

∫
xν Jν−1(x)dx = xν Jν(x) + C (68)
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and ∫
x−ν Jν+1(x)dx = −x−ν Jν(x) + C. (69)

EXAMPLE 8.15 Express J4(x) in terms of J0(x) and J1(x), and use the result to compute J4(6.2)
given that J0(6.2) = 0.20175 and J1(6.2) = −0.23292.

Solution Rearranging (66) gives

Jν+1(x) = 2ν

x
Jν(x) − Jν−1(x),

so setting ν = 3, 2, and 1 we have

J4(x) = 6
x

J3(x) − J2(x), J3(x) = 4
x

J2(x) − J1(x), and J2(x) = 2
x

J1(x) − J0(x).

Eliminating J2(x) and J3(x) between these results gives the required expression

J4(x) =
(

48
x3

− 8
x

)
J1(x) +

(
1 − 24

x2

)
J0(x).

Setting x = 6.2 and substituting the given values of J0(6.2) and J1(6.2) shows that
J4(6.2) = 0.32941.

Numerical values of Bessel functions are extensively tabulated, and subroutines
that enable their calculation for arbitrary values of their argument are found in most
computer algebra packages. See the references at the end of the chapter for some
of the most extensive tabulations of Bessel functions.

EXAMPLE 8.16 Evaluate ∫ (
x2 + 1

x

)
J1(x)dx.

Solution We write the integral as the sum of integrals∫ (
x2 + 1

x

)
J1(x)dx =

∫
x2 J1(x)dx +

∫
x−1 J1(x)dx

and consider each separately. Setting ν = 2 in (64) shows that

d
dx

[x2 J2(x)] = x2 J1(x),

so it follows at once that ∫
x2 J1(x)dx = x2 J2(x) + C.

The second integral is a little harder and requires the use of integration by parts.
Writing it as ∫

x−1 J1(x)dx =
∫

x−2[x J1(x)]dx,
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and noticing from (63) with ν = 1 that [x J1(x)]′ = x J0(x), we find that∫
x−1 J1(x)dx =

∫
x−2[x J1(x)]dx = −J1(x) +

∫
x−1x J0(x)dx,

and so ∫
x−1 J1(x)dx = −J1(x) +

∫
J0(x)dx.

No further simplification is possible because
∫

J0(x)dx cannot be expressed
in terms of simpler functions, though

∫ x
0 J0(u)du is available in tabular form and

it is easily evaluated numerically on a computer. However, we will see later that∫∞
0 Jn(x)dx = 1 for n = 0, 1, 2, . . . .

EXAMPLE 8.17 Evaluate
∫

x3 J0(x)dx.

Solution Writing the integrand as the product x3 J0(x) = x2[x J0(x)] and using (64)
with ν = 1 gives∫

x3 J0(x)dx =
∫

x2[x J0(x)]dx =
∫

x2 d
dx

[x J1(x)]dx.

Integration by parts then gives∫
x3 J0(x)dx = x3 J1(x) − 2x2 J2(x) + C.

It can be seen from Fig. 8.6 that the Bessel functions J0(x), J1(x), and J2(x)
are oscillatory in nature and resemble damped sinusoids. The recurrence relation
(66) implies that this same oscillatory property is true for all Jn(x). Although these
Bessel functions are not strictly periodic, in the sense that for any given n the zeros
of Jn(x) are not equally spaced along the x-axis, it can be shown that for fixed ν and
large x the function Jn(x) can be approximated by

Jν(x) ∼
√

2
πx

cos
(

x − νπ

2
− π

4

)
, (70)

where the symbol ∼ is to be read “is asymptotically equal to,” with the under-
standing that the term asymptotic is used here in the technical sense and means
that the ratio of the two sides of the expression tends to 1 as x → ∞. This last
result is an example of what is called an asymptotic expansion of the function Jν(x),asymptotic expansion

of Jν(x) and asymptotic expansions have the property that the larger x becomes, the more
accurate the asymptotic expansion becomes.

When the Bessel functions Jν(x) are required in a computer program, the
series solution (54) is used for small x, and different approximations are used for
large x and in the intermediate region between small and large x. Corresponding
approximations are used when the order ν of a Bessel function is large. The simplest
approximation to Jν(x) for small x, which follows from (54) by setting m = 0, is

Jν(x) ≈ 1
�(1 + ν)

(x
2

)ν

. (71)

The fact that the series for Jν(x) is an alternating series means that the maximum
magnitude of the error made when the series is truncated after n terms is the absolute
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TABLE 8.1 Zeros jn,r of Jn(x) for n = 0, 1, 2, 3

r j0,r j1,r j2,r j3,r

1 2.40482 3.83171 5.13162 6.38016
2 5.52007 7.01559 8.41724 9.76102
3 8.65372 10.17347 11.61984 13.01520
4 11.79153 13.32369 14.79595 16.22347
5 14.93091 16.47063 17.95982 19.40942
6 18.07106 19.61586 21.11700 22.58273

value of the (n + 1)th term. So, if the series

J0(x) = 1 − x2

22(1!)2
+ x4

24(2!)2
− x6

26(3!)2
+ · · ·

is truncated after the term in x4, the maximum error made is |−x6/[26(3!)2]| =
x6/[26(3!)2]. Consequently, if J0(x) is approximated by

J0(x) ≈ 1 − x2

22(1!)2
+ x4

24(2!)2
,

then in the interval 0 ≤ x ≤ a, the absolute value of the maximum error will not
exceed a6/[26(3!)2]. When Jν(x) is required to be accurate to a given number of
decimal places in an interval 0 ≤ x ≤ a, this simple estimate determines how many
terms must be retained in the series approximation for Jν(x).

When using Bessel functions in applications, it is often necessary to know the
location of the zeros of Jn(x), so for future reference Table 8.1 lists the first six zeroszeros of Bessel

functions Jn(x) of Jn(x) for n = 0, 1, 2, 3. In the table the r th zero of Jn(x) is denoted by jn,r , where
the first suffix indicates the order of the Bessel function and the second suffix the
number of the zero. As Jn(0) = 0 for n ≥ 1, the zeros j1,r , j2,r , and j3,r have been
numbered so the first entry to appear in each column is the first nonvanishing zero
of the function involved. Thus, although J1(0) = 0, the first entry to appear in the
column for j1,r is 3.83171, which it will be seen from Fig. 8.6 is the first nonvanishing
zero of J1(x).

Bessel Functions J±n/2(x)
The Bessel functions J±n/2(x) are particularly simple, despite the fact that the dif-
ference between the indices c1 = n/2 and c2 = −n/2 is an integer. The easiest
way to find the form of J±n/2(x) is to use the reduction to standard form given
in Lemma 6.1 of Section 6.3 to remove the first derivative term from Bessel’s
equation.

It follows from the lemma that the substitution u = x1/2 y reduces Bessel’s
equation

x2 y′′ + xy′ + (x2 − ν2)y = 0

to the standard form for a second order equation

u′′ +
(

1 − 4ν2 − 1
4x2

)
u = 0.
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If we now consider the cases of J1/2(x) and J−1/2(x), corresponding to ν2 = 1/4,
the differential equation simplifies to

u′′ + u = 0,

with the general solution

u(x) = C1 sin x + C2 cos x.

As y = x−1/2u, the general solution of Bessel’s equation of order ±1/2 becomes

y(x) = C1

√
1
x

sin x + C2

√
1
x

cos x.

The two functions in the general solution for y(x) are linearly independent, so
we take for the solutions forming a basis for the differential equation with ν = ±1/2
the functions J1/2(x) and J−1/2(x) given byBessel functions of

fractional order

J1/2(x) = C1

√
1
x

sin x and J−1/2(x) = C2

√
1
x

cos x.

The constants C1 and C2 are arbitrary, but to make these results compatible with
the normalization used for a0 when developing the series solution for Jν(x) we
compare these expressions with the asymptotic formula (70), from which we see it
is necessary to set C1 = C2 = √

(2/π), to obtain

J1/2(x) =
√

2
πx

sin x and J−1/2(x) =
√

2
πx

cos x. (72)

Expressions for J±n/2(x) now follow by use of recurrence relation (66). Thus,
for example, setting ν = 1/2 in (66) gives

J3/2(x) = 1
x

J1/2(x) − J−1/2(x) =
√

2
πx

(
sin x

x
− cos x

)
, (73)

and, similarly, setting ν = −1/2 gives

J−3/2(x) = −
√

2
πx

(
sin x + cos x

x

)
. (74)

We have shown that all Bessel functions J±n/2(x) with n an odd integer are
expressible in terms of elementary functions. The derivation of J±1/2(x) directly
from series (54) forms an exercise in the set at the end of this section.

FRIEDRICH WILHELM BESSEL (1784–1846)
A German mathematician who started his career as a clerk apprenticed to a mercantile office in
Bremen where he remained for a number of years. Using published observations he calculated
the orbit of Haley’s comet and submitted his calculations to the astronomer H.W.M. Olbers who
recognized his ability and, after recommending the work for publication, arranged for Bessel to
become an assistant in the observatory in Lilienthal. His major mathematical contribution was
the introduction, in a paper of 1824 devoted to planetary motions, of the class of transcendental
functions now known as Bessel functions.
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Summary Bessel’s equation was introduced and series solutions were obtained by the Frobenius
method for the Bessel function J ν(x) of the first kind of order ν. It was shown that Bessel
functions of the first kind of fractional order ±n/2, with n odd, could be expressed in terms
of products of sines and cosines and 1/

√
x.

EXERCISES 8.6

1. Write down the first six terms of the series expansion
for J2(x).

2. Write down the first six terms of the series expansion
for J3(x).

3. Derive result (65) by differentiating the product of
x−1/2 and the series for Jν(x) given in (54).

4. Determine how many terms must be retained in the
series for J0(x) for it to be accurate to four decimal
places over the interval 0 ≤ x ≤ 4.

5. Determine how many terms must be retained in the
series for J0(x) for it to be accurate to four decimal
places over the interval 0 ≤ x ≤ 2.

6. Determine how many terms must be retained in the se-
ries for J0(x) for it to be accurate to six decimal places
over the interval 0 ≤ x ≤ 1.

7. Determine how many terms must be retained in the se-
ries for J0(x) for it to be accurate to six decimal places
over the interval 0 ≤ x ≤ 2.

8. Determine how many terms must be retained in the
series for J1(x) for it to be accurate to four decimal
places over the interval 0 ≤ x ≤ 2.

9. Determine how many terms must be retained in the
series for J1(x) for it to be accurate to four decimal
places over the interval 0 ≤ x ≤ 3.

10. Integrate the first four terms in the series for J0(x)
term by term to obtain an approximation to∫ x

0
J0(t)dt.

Estimate the maximum magnitude of the error when
using the result in the interval 0 ≤ x ≤ a.

11. Integrate the first four terms in the series for J1(x)
term by term to obtain an approximation to∫ x

0
J1(t)dt.

Estimate the maximum magnitude of the error when
using the approximation in the interval 0 ≤ x ≤ a. In-
tegrate the integral analytically, and confirm that the
analytical result and the approximation are in agree-
ment.

The Bessel function Jν(λx) is a solution of x2 y′′ + xy′ +
(λ2x2 − ν2)y = 0. Establish the following results by making

the change of variable x = λX in results (64) to (67), and
then replacing X by x.

12.
d

dx
[xν Jν(λx)] = λxν Jν−1(λx).

13.
d

dx
[x−ν Jν(x)] = −λx−ν Jν+1(λx).

14.
d

dx
[Jν(λx)] = λ Jν−1(λx) − ν

x
Jν(λx).

15.
d

dx
[Jν(λx)] = −λ Jν+1(λx) + ν

x
Jν(λx).

16.
d

dx
[Jν(λx)] = λ

2
[Jν−1(λx) − Jν+1(λx)].

17. Jν(λx) = λx
2ν

[Jν−1(λx) + Jν+1(λx)].

18. Use (64)′ and (65)′ to show that

d
dx

[x Jν(x)Jν+1(x)] = x
[
J 2
ν (x) − J 2

ν+1(x)
]
.

19. Show that limx→0 J0(x) = 1, limx→0 Jn(x) = 0 for n =
1, 2, . . . and, limx→∞ Jn(x) = 0 for n = 0, 1, . . . , and
prove that ∫ ∞

0
J1(x)dx = 1.

20. Use the results in Exercise 19 with (67) to show that

1 =
∫ ∞

0
J1(x)ds =

∫ ∞

0
J3(x)dx = · · ·

=
∫ ∞

0
J2n+1(x)dx = · · · for n = 0, 1, . . . .

21. In Section 7.3(d)(ii) it was shown that the Laplace
transform of J0(x) was

L{J0(x)} = 1
(s2 + 1)1/2

.

Use this result to deduce the value of
∫∞

0 J0(x)dx, and
then use (67) together with the results of Exercise 20
to show that

1 =
∫ ∞

0
J0(x)dx =

∫ ∞

0
J1(x)dx =

∫ ∞

0
J3(x)dx = · · ·

=
∫ ∞

0
Jn(x)dx = · · · for n = 0, 1, 2, . . . .

22. Find (a)
∫

x3 J2(x)dx and (b)
∫

x−3 J4(x)dx.
23. Express

∫
J4(x)dx in terms of

∫
J0(x)dx.
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24. Express
∫

J5(x)dx in terms of J0(x), J2(x), and J4(x).
25. Express

∫
x J1(x)dx in terms of

∫
J0(x)dx.

26. Express
∫

x2 J0(x)dx in terms of
∫

J0(x)dx.

The exercises that follow, some of which are slightly harder,
provide background information about Bessel functions.

27.* By differentiating under the integral sign with respect
to x, integrating by parts, and combining results using
an elementary trigonometric identity, prove that

J0(x) = 1
π

∫ π

0
cos(x sin θ)dθ

is an integral representation of J0(x) by showing that
it satisfies Bessel’s equation of order zero

x J ′′
0 + J ′

0 + x J0 = 0.

28.* The function exp[ x
2 (t − 1

t )] is the generating function
for the Bessel functions Jn(x), and it has the property
that when it is expanded in powers of t (both positive
and negative),

exp
[

x
2

(
t − 1

t

)]
=

∞∑
n=−∞

Jn(x)tn.

Thus, Jn(x) is the coefficient of tn in the expansion of
the generating function in powers of t. Expand the ex-
ponential as the product of the series for exp[xt/2] and
exp[−x/(2t)], and hence derive the first three terms of
the series expansion of J0(x).

29.* Differentiate the generating function partially with re-
spect to x and equate the coefficients of tn on each side

of the identity to prove that

2J ′
n(x) = Jn−1(x) − Jn+1(x).

30.* Differentiate the generating function partially with re-
spect to t and equate the coefficients of tn−1 on each
side of the identity to prove that

2n
x

Jn(x) = Jn−1(x) + Jn+1(x).

31.* Substitute ν = 1/2 in (54) and (58), and hence show

that J1/2 =
√

2
πx sin x and J−1/2(x) =

√
2

πx cos x.

32.* Use (66) together with results (73) and (74) to show
that

J5/2(x) =
√

2
πx

[(
3
x2

− 1
)

sin x − 3
x

cos x
]

J−5/2(x) =
√

2
πx

[
3
x

sin x +
(

3
x2

− 1
)

cos x
]

J9/2(x) =
√

2
πx

[(
105
x4

− 45
x

+ 1
)

sin x

−
(

105
x3

− 10
x

)
cos x

]
and

J−9/2(x) =
√

2
πx

[(
105
x3

− 10
x

)
sin x

+
(

105
x4

− 45
x2

+ 1
)

cos x
]

.

8.7 Bessel Functions of the Second Kind Yν(x)

It was shown in the previous section that, with the exception of ν = 1/2, the two
Bessel functions Jν(x) and J−ν(x) of the first kind are only linearly independent
solutions of Bessel’s equation when the roots of the indicial equation differ by an
integer. So it remains for us to find a second linearly independent solution when
ν = n and n = 0, 1, 2, . . . . We begin by considering the case n = 0, corresponding
to the repeated root ν = 0, when it follows from Theorem 8.2(b) that the form of
solution to be expected in the case of Bessel’s equation of order zero

Bessel functions of
the second kind xy′′ + y′ + xy = 0 (75)

is

y2(x) = J0(x) ln x +
∞∑

r=0

br xr+1. (76)
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Differentiation of (76) gives

y′
2(x) = J ′

0(x) ln x + J0(x)
x

+
∞∑

r=0

(r + 1)br xr

and

y′′
2 (x) = J ′′

0 (x) ln x + 2J ′
0(x)
x

− J0(x)
x2

+
∞∑

r=0

(r + 1)rbr xr−1.

When these expressions are substituted into (75) the terms in J0(x) cancel, causing
the equation to reduce to

[x J ′′
0 (x) + J ′

0(x) + x J0(x)] ln x + 2J ′
0(x) +

∞∑
r=0

(r + 1)rbr xr

+
∞∑

r=0

(r + 1)br xr +
∞∑

r=0

br xr+2 = 0.

The logarithmic term vanishes because J0(x) is a solution of (75), so the coef-
ficients br are determined by the equation

2J ′
0(x) +

∞∑
r=0

(r + 1)rbr xr +
∞∑

r=0

(r + 1)br xr +
∞∑

n=0

br xr+2 = 0.

To proceed further it is necessary to determine J ′
0(x), but this can be found by differ-

entiating (56) in Section 8.6. After cancellation of a factor 2m from the numerator
and denominator of the resulting expression, and noticing that the summation now
starts from m = 1, it is found that

J ′
0(x) =

∞∑
m=1

(−1)m x2m−1

22m−1(m − 1)!m!
.

Combining this with the previous result gives
∞∑

m=1

(−1)m+1 x2m+1

22m(m + 1)!m!
+

∞∑
r=0

(r + 1)rbr xr +
∞∑

r=0

(r + 1)br xr +
∞∑

r=0

br xr+2 = 0.

Shifting the summation index in the last term and combining the summations
reduces this to

∞∑
m=1

(−1)m+1 x2m+1

22m(m + 1)!m!
+ b0 + 4b1x +

∞∑
r=2

{
(r + 1)2br + br−2

}
xr = 0.

We now make use of the fact that terms may be rearranged in an absolutely
convergent series in order to rewrite the last summation as a sum of even powers
of x and a sum of odd powers of x before combining the results. The preceding
equation then becomes

∞∑
m=1

(−1)m+1 x2m+1

22m(m + 1)!m!
+ b0 + 4b1x +

∞∑
m=1

{
(2m + 1)2b2m + b2m−2

}
x2m

+
∞∑

m=2

[4m2b2m−1 + b2m−3]x2m−1 = 0.
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Next we equate the coefficient of each power of x to zero in the usual man-
ner. As there is no constant term in the first summation, it follows that b0 = 0.
The recurrence relation in the second summation is (2m + 1)2b2m + b2m−2 = 0, so
together with the result b0 = 0 this implies that b2m = 0 for m = 0, 1, 2, . . . . Setting
the summation involving even powers of x to zero brings the equation into the form

∞∑
m=1

(−1)m+1 x2m+1

22m(m + 1)!m!
+ 4b1x +

∞∑
m=2

[
4m2b2m−1 + b2m−3

]
x2m−1 = 0.

We now equate to zero the coefficients of each remaining power of x, and
proceeding in this manner it is not difficult to show that the general coefficient
b2m−1 can be written

b2m−1 = (−1)m−1

22m(m!)2

(
1 + 1

2
+ 1

3
+ · · · + 1

m

)
, for m = 1, 2, . . . ,

so the second linearly independent solution is

y2(x) = J0(x) ln x +
∞∑

m=1

(−1)m−1 x2m

22m(m!)2

(
1 + 1

2
+ 1

3
+ · · · + 1

m

)
. (77)

Defining hm as

hm = 1 + 1
2

+ 1
3

+ · · · + 1
m

(78)

allows y2(x) to be written in the more convenient form

y2(x) = J0(x) ln x +
∞∑

m=1

(−1)m−1 hmx2m

22m(m!)2
. (79)

The series in (79) can be shown to converge, though as the logarithmic term becomes
infinite at the origin, result (79) is only finite for x > 0.

As any linear combination of two linearly independent solutions of a differen-
tial equation is itself a solution, it proves to be convenient to take as the second
solution of Bessel’s equation of order zero the function Y0(x) defined as the linear
combination

Y0(x) = 2
π

[y2(x) + (γ − ln 2)J0(x)], (80)

where the constant γ , called the Euler constant, is defined as

γ = lim
m→∞

(
1 + 1

2
+ 1

3
+ · · · + 1

m
− ln m

)
, (81)

where γ = 0.577 215 664 901. . . . This constant is also called the Euler–Mascheroni
constant, and on occasion it is denoted by C and sometimes by ln γ .
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The function Y0(x), called the Bessel function of the second kind of order zero,the Bessel functions
Y0(x) and Yν(x) is defined as

Y0(x) = 2
π

[
J0(x)

(
ln

x
2

+ γ
)

+
∞∑

m=1

(−1)m−1 hm

22m(m!)2
x2m

]
. (82)

The reason for choosing this particular combination of functions in the definition of
Y0(x) is because of its convenient properties as x → ∞. The function Y0(x) is also
called the Neumann or Weber function of order zero and denoted by N0(x).

Some authors make a distinction in what they call a Bessel function of the
second kind, so there may be a difference between the Weber function Yn(x) and
the Neumann function Nn(x). Because of this, care must be exercised when using
these functions in software packages.

Bessel functions of the second kind of integral order can be defined in similar
fashion, but to make them compatible with the functions J−ν(x) introduced in
Section 8.6 the following definition is adopted:

Yν(x) = 1
sin νπ

[Jν(x) cos νπ − J−ν(x)] (83)

with

Yn(x) = lim
ν→n

Yν(x). (84)

Using this last result it is possible to show that for integral values of ν the
function Yn(x) is given by

Yn(x) = 2
π

Jn(x)
(

ln
x
2

+ γ
)

+ xn

π

∞∑
m=0

(−1)m−1(hm + hm+n)
22m+n m!(m + n)!

x2m

− 1
πxn

n−1∑
m=0

(n − m − 1)!
22m−nm!

x2m

(85)

where, by definition, h0 = 1. It follows from this that the Bessel functions Yn(x) and
Y−n(x) are linearly dependent, with

Y−n(x) = (−1)nYn(x).

Graphs of the first three Bessel functions of the second kind are shown in
Fig. 8.7.

When x is small the following approximations are useful:

Y0(x) ≈ 2
π

ln x and for ν > 0, Yν(x) ≈ −�(ν)
π

(
2
x

)ν

. (86)

For large x, however, the asymptotic approximation to Yν(x) isasymptotic form
for Yν(x)

Yν(x) ∼
√

2
πx

sin
[

x −
(

2ν + 1
4

)
π

]
. (87)



Section 8.7 Bessel Functions of the Second Kind Yν(x) 499

−1.5

−1

−0.5

0.5

1
Yn

x

Y0 Y1 Y2

2 4 6 8 10 12 14

FIGURE 8.7 Bessel functions Y0(x), Y1(x), and Y2(x) of
the second kind.

It follows from (86) and (87) that

lim
x→0

Yν = −∞ and lim
x→∞ Yν(x) = 0. (88)

The zeros of Yn(x) are needed when working with Bessel functions, so the
locations of the first six zeros of Yn(x) for n = 0, 1, 2, 3 are listed in Table 8.2. The
r th zero of the Bessel function Yn(x) is denoted by yn,r , so, for example, the secondzeros of Bessel

functions Yn(x) zero of Y1(x) is y1,2 = 5.42968.
It is a consequence of the definition of Yν(x) that for all ν the general solution

of Bessel’s equation in the standard form

x2 y′′ + xy′ + (x2 − ν2)y = 0 (89)

is

y(x) = C1 Jν(x) + C2Yν(x). (90)

Similarly, the general solution of Bessel’s equation in the form

x2 y′′ + xy′ + (λ2x2 − ν2)y = 0 (91)

is

y(x) = C1 Jν(λx) + C2Yν(λx). (92)

TABLE 8.2 Zeros yn,r of Yn(x) for n = 0, 1, 2, 3

r y0,r y1,r y2,r y3,r

1 0.89358 2.19714 3.38424 4.52702
2 3.95786 5.42968 6.79381 8.09755
3 7.08605 8.59601 10.02348 11.39647
4 10.22235 11.74915 13.20999 14.62308
5 13.36110 14.89744 16.37897 17.81846
6 16.50092 18.04340 19.53904 20.99728
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Many differential equations can be solved in terms of Bessel functions after a
suitable transformation of the dependent variable. In particular, the equation

y′′ +
(

1 − 2a
x

)
y′ +

[
b2c2x2c−2 +

(
a2 − ν2c2

x2

)]
y = 0 (93)

can be shown to have the solution

y(x) = xa Zν(bxc), (94)

where a, b, and c are numbers and Zν is any linear combination of Jν and Yν (see
Exercise 16 at the end of this section).

The following is an application of Bessel functions to a simple physical problem.
It illustrates how, in this case, the conditions of the problem only allow a Bessel
function of the first kind to be retained in the solution. The problem, which is a
classical one, can be stated as follows.

Find the radial temperature distribution T(r) in a wire of circular cross-section
with 0 ≤ r ≤ R, when the electrical conductivity is σ , the thermal conductivity is
K, and the wire carries a uniform current of density I amps per unit area of cross-
section. Assume that the temperature at the center of the wire is T0 and that the re-
sistance of the wire varies linearly with the temperature as αT(r), with α a constant.

In order to formulate the problem in mathematical terms, we begin with the fact
that the rate of heat generation in a unit volume of the wire is given by JI 2/σ heat
units, where J is a physical constant (typically the number of calories in a joule).
It follows from arguments given later in Chapter 18 that the equation determining
the radial steady state temperature distribution is

K
d2T
dr2

+ K
r

dT
dr

+ α JI 2

σ
T = − JI 2

σ
,

where the last term on the left takes account of the linear variation of resistance
with temperature, and the term on the right represents the heat generation due to
the current.

When divided by K, this is seen to be Bessel’s equation of order zero with a
nonhomogeneous term −JI 2/Kσ , and it is easily shown to have the general solution

T(r) = AJ0

(
Ir

√
α J
Kσ

)
+ BY0

(
Ir

√
α J
Kσ

)
− 1

α
,

with A and B arbitrary constants. As the temperature must remain finite at the
center of the wire, we must set B = 0 to remove the infinite value of Y0 when
r = 0. However, T(0) = T0, so A= T0 + 1/α and the required radial temperature
distribution becomes

T(r) =
(

T0 + 1
α

)
J0

(
Ir

√
α J
Kσ

)
− 1

α
for 0 ≤ r ≤ R.

Summary It was seen in the previous section that when n is an integer J n(x) and J −n(x) are linearly
dependent. This section has shown how a second linearly independent solution Yν(x)
can be constructed that for all ν is linearly independent of J ν(x), so the general solution
of Bessel’s equation can always be written y(x) = A J ν(x) + B Yν(x), where A and B are
arbitrary constants. The function Yν(x) is called a Bessel function of the second kind of
order ν.
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EXERCISES 8.7

In Exercises 1 through 10, find the general solution of the
differential equation.

1. x2 y′′ + xy′ + (x2 − 4)y = 0.
2. 4x2 y′′ + 4xy′ + (4x2 − 1)y = 0.
3. xy′′ + y′ + xy = 0.
4. xy′′ + y′ + λ2xy = 0.
5. xy′′ + y′ + 4x3 y = 0; substitute u = x2.
6. x2 y′′ + 3xy′ + (x2 + 1)y = 0; substitute y = u/x.
7. x2 y′′ + xy′ + 4(x2 − 1)y = 0.
8. xy′′ + y′ + 9x5 y = 0; substitute u = x3.
9. 4x2 y′′ + (16x2 + 1)y = 0; substitute y = x1/2u.

10. x2 y′′ + 5xy′ + (x2 + 4)y = 0; substitute y = u/x2.

Use (93) and (94) to find the solution of the differential
equations in Exercises 11 through 15.

11. x2 y′′ − xy′ + (4x4 − 3)y = 0.
12. xy′′ − 3y′ + xy = 0.
13. x2 y′′ − xy′ + (9x2 + 1)y = 0.
14. x2 y′′ − 5xy′ + (16x4 + 1)y = 0.

15. x2 y′′ − 3xy′ + (64x8 − 8)y = 0.
16. Verify that y(x) = xa Zν(bxc) is a solution of (93) by

substituting for y(x) in the differential equation and
showing that this leads to the equation

X 2 Z′′
ν (X) + XZ′

ν(X) + (X 2 − ν2)Zν(X) = 0,

with X = bxc. Hence, conclude that Zν(X) is either
Jν(X) or Yν(X), and so, because of the linearity of
the equation, Zν(X) = C1 Jν(X) + C2Yν(X) must be a
solution.

17. Use the substitution y(x) = x−νu(x) to convert the
equation

x2 d2 y
dt2

+ ax
dy
dx

+ (1 + k2x2)y = 0,

in which a is a parameter, into an equation for u(x).
Find the values of a and ν that make the equation in
u(x) Bessel’s equation of order zero. Use the result to
find the general solution y(x) that corresponds to this
value of a.

8.8 Modified Bessel Functions Iν(x) and Kν(x)

Replacing the independent variable x in Bessel’s equation by i x changes the differ-
ential equation to

x2 y′′ + xy′ − (x2 + ν2)y = 0, (95)

called Bessel’s modified equation of order ν.Bessel’s modified
equation It follows directly from Section 8.7 that Bessel’s modified equation has two

linearly independent complex solutions Jν(i x) and Yν(i x). These solutions are not
convenient to use, so the process of scaling and combining linearly independent solu-
tions of a linear differential equation to form other solutions is used to produce two
real linearly independent solutions denoted by Iν(x) and Kν(x). These are called,
respectively, modified Bessel functions of the first and second kinds of order ν.

The modification of Jν(i x) is straightforward, because from (54)

Jν(i x) =
∞∑

m=0

(−1)m(i x)2m+ν

22m+νm!�(m + 1 + ν)
= iν

∞∑
m=0

x2m+ν

22m+νm!�(m + 1 + ν)
,

so the factor iν is removed and the modified Bessel function of the first kind of
order ν is defined as the real function

Iν(x) =
∞∑

m=0

x2m+ν

22m+ν m!�(m + 1 + ν)
. (96)
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Unlike the series for Jν(x), the series for Iν(x) in (96) is no longer an alternating
series, though it converges rapidly. As with ordinary Bessel functions, provided ν

is not an integer, the general solution of Bessel’s modified equation (95) can be
writtenthe modified Bessel

functions Iν(x) and
Kν(x) y(x) = C1 Iν(x) + C2 I−ν(x). (97)

However, rather than use I−ν(x), in its place it is usual to introduce the real function
Kν(x) defined as the linear combination of real functions

Kν(x) =
(π

2

)( I−ν(x) − Iν(x)
sin νπ

)
, (98)

and to call Kν(x) the modified Bessel function of the second kind of order ν. It can
be seen from (98) that the functions Iν(x) and Kν(x) are linearly independent.

The definition of Kν(x) can be extended to the case in which ν is an integer n
by defining the function Kn(x) as

Kn(x) = lim
ν→n

(π

2

)( I−ν(x) − Iν(x)
sin νπ

)
. (99)

Because of this extension of the definition of Kν(x), the general solution of
Bessel’s modified equation (95) can always be written in the form

y(x) = C1 Iν(x) + C2 Kν(x), (100)

with no restriction placed on ν. The function Kν(x) is also sometimes called the
Kelvin function.

Similarly, when Bessel’s modified equation is written in the form

x2 y′′ + xy′ − (λ2x2 + ν2)y = 0, (101)

its general solution is given by

y(x) = C1 Iν(λx) + C2 Kν(λx), (102)

with no restriction placed on ν.
This definition of K0(x) leads to the expansion

K0(x) = −
[
ln

x
2

+ γ
]

I0(x) + x2/4
(1!)2

+
(

1 + 1
2

)
(x2/4)2

(2!)2

+
(

1 + 1
2

+ 1
3

)
(x2/4)3

(3!)2
+ · · · ,

(103)

with similar though more complicated expansions for Kn(x).
Graphs of I0(x) and I1(x) and of K0(x) and K1(x) are shown in Figs. 8.8 and 8.9,

respectively.
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FIGURE 8.8 Graphs of I0(x) and I1(x).
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FIGURE 8.9 Graphs of K0(x) and K1(x).

The following are useful properties of Iν(x) and Kν(x):

I0(0) = 1, In(0) = 0 for n = 1, 2, . . . , lim
x→0

Iν(x) = 0,

Kn(0) = ∞, lim
x→∞ Kn(x) = 0 for n = 0, 1, 2, . . . .

(104)

For small xasymptotic
expressions for
modified Bessel
functions Iν(x) ∼ 1

�(1 + ν)

(x
2

)ν

, K0(x) = −ln x and

Kν(x) ∼ �(ν)
2

(
2
x

)ν

for ν > 0,

(105)

whereas for large x

Iν(x) ≈ 1√
2πx

ex and Kν(x) ≈
√

π

2x
e−x. (106)

Results involving Bessel functions of the first and second kinds, together with
applications, are to be found in Chapter 5 of reference [3.7]. Chapters 9 to 11 of
Reference [G.1] and Chapter 17 of reference [G.3] give general information about
all types of Bessel functions. The standard encyclopedic work covering all aspects
of Bessel functions is reference [3.17].

Summary Modified Bessel functions were introduced, their series solutions were obtained, the general
solution was expressed in terms of Iν(x) and K ν(x), and asymptotic representations were
given.

EXERCISES 8.8

1. By differentiating the series for I0(x), show that
I ′

0(x) = I1(x).
2. Use the definition of Iν(x) to show that

Iν−1(x) − Iν+1(x) = 2ν

x
Iν(x) for ν ≥ 1.

3. Use the definition of Iν(x) to show that

Iν−1(x) + Iν+1(x) = 2I ′
ν(x) for ν ≥ 1.

4. Use Lemma 6.1 of Section 6.3 to reduce Bessel’s mod-
ified equation of order ν = 1/2 to standard form, and
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hence show that

I1/2(x) is proportional to
sinh x√

x
, and

I−1/2(x) is proportional to
cosh x√

x
.

5. Use asymptotic result (106) for Iν(x) when x is large
to find the constants of proportionality in Exercise 4,
and then use the result of Exercise 2 to find I3/2(x) and
I−3/2(x).

6. Use Lemma 6.1 of Section 6.3 to reduce Bessel’s mod-
ified equation of order ν = 1/2 to standard form, and
hence show that when x is large two linearly inde-
pendent solutions of the equation are proportional to
ex/

√
x and e−x/

√
x.

7. Deduce the expressions for I±1/2(x) and I±3/2(x) from
the corresponding results for J±1/2(x) and J±3/2(x) in
(72) to (74) of Section 8.6.

8. Use Abel’s formula in Exercise 6 of set 6.1 to show that
if y1 and y2 are any two linearly independent solutions
of Bessel’s modified equation, then

y1 y′
2 − y2 y′

1 = C/x,

where C is a constant introduced through the Abel
formula.

9. Set y1(x) = Iν(x) and y2(x) = I−ν(x) in the result of
Exercise 8, where ν is not an integer. Substitute the
series for Iν(x) and I−ν(x), and by finding the coeffi-
cient of 1/x on the left-hand side identify the coeffi-
cient C. Use the result

�(z)�(1 − z) = π

sin πz

to show that

Iν(x)I ′
−ν(x) − I ′

ν(x)I−ν(x) = − 2
πx

sin νx.

10. Use the definition of Kν(x) with the result of Exercise 9
to show that

Iν(x)K′
ν(x) − I ′

ν(x)Kν(x) = − 1
x

.

11.* The amplitude R(r) of the small symmetric vibrations
of a flexible annular disc a ≤ r ≤ b normal to its sur-
face with its outer edge free and its inner edge fixed to
a rod that oscillates along its length is governed by the
equation

d4 R
dr 4

+ 2
r

d3 R
dr 3

− 1
r 2

d2 R
dr 2

+ 1
r 3

dR
dr

− R = 0.

Show by expressing the equation as(
d2

dr 2
+ 1

r
d
dr

− 1
)(

d2

dr 2
+ 1

r
d
dr

+ 1
)

R = 0

that its general solution is

R(r) = AJ0(r) + BY0(r) + CI0(r) + DK0(r),

where A, B, C, and D are arbitrary constants.
12.* In partial differential equations that govern physical

phenomena with cylindrical and spherical polar co-
ordinates, the following equation describes the radial
variation R(r) of the solution as a function of the ra-
dius r (see Chapter 18):

d2 R
dr 2

+ 1
r

dR
dr

+
(

λ2 − n2

r 2

)
R = 0.

Here, λ is a parameter and n = 0, 1, 2, . . . . Show that
the general solution of the equation is

R(r) = AJn(λr) + BYn(λr).

Find the form of the solution of the following boundary
value problems, given that R(r) remains bounded, and
determine the permissible values of the parameter λ.

(i) 0 ≤ r ≤ a, for all n with the boundary conditions
R(a) = 0.

(ii) b ≤ r ≤ c, for all n with the boundary conditions
R(b) = R(c) = 0.

(iii) 0 ≤ r ≤ a, for all n with the boundary conditions
R(a) + kR′(a) = 0(k = const).

(iv) b ≤ r ≤ c, for n = 0 with the boundary conditions
R(b) = R′(c) = 0.

8.9 A Critical Bending Problem:
Is There a Tallest Flagpole?

The implication of the question posed in the section heading will have been ex-
perienced by anyone who has tried holding a long, thin, flexible rod in a vertical
position. If the rod is short, and its tip is given a small sideways displacement and
released, the rod will perform transverse oscillations until it reaches an equilibrium
position in a bent shape because of supporting its own weight. The longer the rod,
the larger the amplitude of these oscillations, and the greater the bending under its
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own weight when in equilibrium, until at some critical length the rod will bend until
its tip just touches the ground, after which it will remain in that position.

An idealization of this phenomenon can be modeled by a long, thin, flexibleBessel functions
and the bending of
a thin vertical rod

flagpole of uniform cross-section, the base of which is clamped in the ground so
the pole is vertical. We then ask at what length will the pole become unstable, so
that any displacement of the top of the pole will cause it to bend under its own
weight until the top of the pole touches and remains in contact with the ground?
This question can be posed in mathematical terms, and it is the one that will be
answered here.

The solution to this question will involve the use of Bessel functions, but the
linear differential equation involved will have to satisfy a two-point boundary con-
dition instead of the initial conditions we have considered so far. This means that
the existence and uniqueness of solutions to initial value problems guaranteed by
Theorem 6.2 no longer applies, so even when a solution can be found it may not be
unique — more will be said about this later.

Let us model the problem by considering a thin uniform flexible rod of length
L with a constant cross-section that is constructed from material with a Young’s
modulus of elasticity E, with the moment of inertia of a cross-section about a
diameter normal to the plane of bending equal to I. The line density along the rod
will be assumed to be constant and equal to w. The x-axis will be taken to be vertical
and to coincide with the undistorted axis of the rod, with its origin located at the
base of the rod. The horizontal displacement of the rod at a position x will be taken
to be y, as shown in Fig. 8.10.

It is known from Section 5.2(f) that if the moment acting on the rod at a position
x is M(x), the equation governing its transverse deflection y when in equilibrium is

EI
d2 y
dx2

= M(x). (107)

The shear on the rod at point x is the force exerted perpendicular to the axis of the
rod at x due to the weight of the rod extending from x to the top at P. As the length
of this part of the rod is L− x, and its line density is w, the weight of this section is

PL

W = w(L − x) sin θ

θ

y

x

yO

x

FIGURE 8.10 Equilibrium position of the
rod when bent under its own weight.
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given by w(L− x), so the component W of this force normal to the axis of the rod
at x is simply

W = w(L− x) sin θ, (108)

where θ is the angle of deflection of the rod from the vertical at point x, as shown
in Fig. 8.10.

It is known from mechanics that the shear on a rod is given in terms of the
moment M(x) by

dM
dx

= −W(x). (109)

We now make the approximation that the deflection at point x on the rod is small, so
sin θ ≈ tan θ = dy/dx, and by combining (107) to (109) we arrive that the govern-
ing equation for the deflection, which is the third order linear variable coefficient
differential equation

EI
d3 y
dx3

+ w(L− x)
dy
dx

= 0. (110)

Making the change of variable z = L− x brings (110) to the more convenient form

d3 y
dz3

+
( w

EI

)
z

dy
dz

= 0. (111)

To apply this to our problem it is necessary to determine appropriate boundary
conditions to be applied at the base and top of the rod. An obvious condition to
be applied at the base is that due to clamping the pole in a vertical position at the
origin, (dy/dx)x=0 = (dy/dz)z=L = 0. To arrive at a second condition we notice that
when the rod is bent and in equilibrium, there can be no bending moment at the
top of the rod, so it can have no curvature at that point. Recalling that the radius
of curvature ρ of a plane curve y = y(x) is

ρ = (1 + (y′)2)2/3

y′′ , (112)

we see that the rod will have no curvature at x = L (equivalently at z = 0) when
ρ = ∞, corresponding to (d2 y/dx2)x=L = (d2 y/dz2)z=0 = 0.

Setting u(z) = dy/dz, these two boundary conditions become

u(L) = 0 and (du/dz)z=0 = 0. (113)

Equation (111) is third order, but in terms of u(z) it is only second order, and we
have found two conditions on u(z) from which to determine u. Fortunately, we only
need to work with u(z) to solve our problem. This is because we will soon see that
the two-point boundary conditions (113) applied to the differential equation for u

d2u
dz2

+
( w

EI

)
zu = 0 (114)

will provide sufficient information for us to find the critical length at which bending
occurs.

Identifying equation (114) with (93) from Section 8.7, with x replaced by z,
shows that

1 − 2a = 0, 2c − 2 = 1, a2 − ν2c2 = 0, and b2c2 = w/EI, (115)
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so

a = 1/2, c = 3/2, ν = 1/3, and b = 2
3

√
w
EI

. (116)

Using this information in the solution (94) to equation (93) in Section 8.7 gives

u(z) = C1
√

z J1/3

(
2
3

√
w
EI

z3/2
)

+ C2
√

z J−1/3

(
2
3

√
w
EI

z3/2
)

. (117)

Noticing from (71) of Section 8.6 that for small z

Jν(z) ≈ 1
�(1 + ν)

( z
2

)ν

and J−ν(z) ≈ 1
�(1 − v)

( z
2

)−ν

,

we see that close to the top of the rod, that is, for small z, u(z) can be approximated
by

u(z) ≈ C1
z

�(4/3)

(
1
3

√
w
EI

)1/3

+ C2
1

�(2/3)

(
1
3

√
w
EI

)−1/3

.

Differentiation of this result gives

u′(z) ≈ C1
1

�(4/3)

(
1
3

√
w
EI

)1/3

,

but to satisfy the second boundary condition (du/dz)z=0 = 0, we must set C1 = 0,

causing solution (117) to reduce to

u(z) = C2
√

z J−1/3

(
2
3

√
w
EI

z3/2
)

. (118)

Applying the remaining boundary condition u(L) = 0 to (118) gives

0 = C2

√
L J−1/3

(
2
3

√
w
EI

L3/2
)

, (119)

and this will be satisfied if either C2 = 0 or J−1/3( 2
3

√ w
EI L3/2) = 0. The first condition

C2 = 0 corresponds to the unstable equilibrium configuration in which the rod is
vertical, and so must be rejected, whereas the second condition corresponds to the
required critical bending condition, and it will be satisfied when L is such that it
causes J−1/3 to vanish.

It is at this stage that we discover the boundary value problem does not have a
unique solution, because the asymptotic behavior of J−1/3 given in (70) of Section 8.6
shows that it has infinitely many zeros. To resolve this difficulty, and to find the
length at which critical bending occurs, we must now seek a selection criterion for
the length from outside the description of the physical situation provided by the
differential equation.

Such a criterion is not hard to find, because critical bending must occur at the
smallest value of L, say at Lc, that satisfies the condition

J−1/3

(
2
3

√
w
EI

L3/2
c

)
= 0, (120)

because if critical bending occurs when L = Lc, it will certainly occur at any larger
value of L.
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FIGURE 8.11 Graph of J−1/3(x) showing its first
few zeros.

A graph of J−1/3(x) is shown in Fig. 8.11, from which it can be seen that the first
zero α of J−1/3(x) occurs at around the value α ≈ 1.87, though numerical calcula-
tion provides the more accurate value α = 1.86635 . . . . However, this accuracy is
unnecessary, because the approximations made when modeling the physical situa-
tion introduce errors of sufficient magnitude that the value α ≈ 1.87 is adequate.

Using the value α = 1.87 shows that the length Lc for critical bending must
satisfy the formula

2
3

√
w
EI

L3/2
c ≈ 1.87,

which is equivalent to

Lc ≈ 1.99
(

EI
w

)1/3

.

This approximation shows, as would be expected, that if the rod is not cylin-
drically symmetric about its axis, the critical length Lc will depend on the plane in
which bending occurs, because the moment of inertia will depend on the direction
in which the rod bends. Thus, for example, the critical length of a rod with a rectan-
gular cross-section that bends in a plane parallel to one pair of its faces will differ
from the critical length when bending occurs in a plane parallel to its other pair of
faces. In such cases the model used is too simple, because twisting (torsion) will be
likely to occur, causing the rod always to buckle in such a way that Lc assumes its
smallest possible value.

The simplest case arises when the rod has a circular cross-section of radius a, for
then the moment of inertia of the cross-section about any diameter is I = πa4/4.
When this expression is substituted into the approximation for Lc, we obtain the
approximation

Lc ≈ 1.25
(

Ea4

w

)1/3

.

Summary In addition to involving Bessel functions, this idealization of a physical problem has il-
lustrated the way in which a mathematical approach can sometimes lead to more than
one solution, only one of which can be regarded as an approximation to the situation in
the real world. The choice of the appropriate solution was seen to be based on an addi-
tional physical consideration that was outside the original formulation of the mathematical
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problem. This situation is not unusual in applied mathematics, where the choice of solu-
tion is often based on stability considerations, a physically possible solution being stable,
whereas a nonphysical solution is unstable and so will not be observed. A different example
occurs in the study of shock waves in air where two solutions are mathematically possible,
though only one is physically realizable. In that case the selection principle is based on the
thermodynamics of the problem, though it can also be based on stability considerations.

8.10 Sturm–Liouville Problems, Eigenfunctions,
and Orthogonality

Mathematical models of physical situations arising in engineering and physics lead
to two-point boundary value problems for a function y(x) that is defined over an
interval a < x < b and satisfies a differential equation of the form

y′′(x) + P(x)y′(x) + (Q(x) + λR(x))y(x) = 0, (121)

in which λ is a parameter. This equation always has the solution y(x) ≡ 0, called
the trivial solution, but if it is to have nontrivial solutions (solutions that are not
identically zero) satisfying boundary conditions at x = a and x = b, the parameter
λ cannot be arbitrary. In what follows our purpose will be to find constant values of
λ for which nontrivial solutions exist satisfying given boundary conditions. It will be
seen later how these nontrivial solutions can be used to generalize series expansions
of arbitrary functions over the interval a < x < b that, along with other uses, are
needed in Chapter 18 when solving partial differential equations by the method of
separation of variables.

To proceed further we will write (121) in a more convenient form, and to this
end we simplify its first two terms using the method developed in Section 5.6 when
finding an integrating factor for a linear first order equation. Defining the function
p(x) as

p(x) = exp
[∫

P(x)dx
]

,

and multiplying (121) by p(x) gives

p(x)[y′′(x) + P(x)y′(x)] + p(x)(Q(x) + λR(x))y(x) = 0.

However,

p(x)[y′′(x) + P(x)y′(x)] = d
dx

[
p(x)

dy(x)
dx

]
,

so the equation becomes

d
dx

[
p(x)

dy(x)
dx

]
+ p(x)(Q(x) + λR(x))y(x) = 0.

Finally, setting q(x) = p(x)Q(x) and r(x) = p(x)R(x) allows equation (121) to be
written in the form

d
dx

[
p(x)

dy(x)
dx

]
+ [q(x) + λr(x)]y(x) = 0. (122)

In what follows p(x), q(x), r(x), and p′(x) will be assumed to be continuous
functions defined on a closed interval a ≤ x ≤ b on which p(x) > 0, r(x) > 0.
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Differential equations with these properties and written in this form are called
Sturm–Liouville equations, and the type of boundary conditions that are to be
imposed will be introduced after the following typical examples of these equations.

JACQUES CHARLES FRANÇOIS STURM (1803–1855) AND JOSEPH LIOUVILLE (1809–1882)
Sturm, who was born in Geneva, Switzerland, was Poisson’s successor in the Chair of Mechanics
in the Sorbonne. Much of his work was in algebra, where he worked on the determination of
intervals on the real line inside each of which was located one real root of a polynomial, though
he also worked on the study of heat flow introduced by his contemporary Joseph Fourier.
Liouville, a professor at the Collège de France, also studied algebraic problems and, in particular,
quadratic forms, though he also made contributions to elliptic functions and to complex analysis.
Sturm and Liouville, who were friends, collaborated on the eigenvalue and eigenfunction
problems raised by the study of heat flow, and together their work led to what is now called the
study of Sturm–Liouville systems.

Simple harmonic motion equation
examples of
Sturm–Liouville
equations

The differential equation describing undamped simple harmonic oscillations

y′′ + n2 y = 0 (123)

follows from (122) by setting p(x) = 1, q(x) = 0, r(x) = 1, and λ = n2.

The Legendre equation

The Legendre equation encountered in (10) of Section 8.2, usually written

(1 − x2)y′′ − 2xy′ + α(α + 1)y = 0, (124)

follows from (122) by setting p(x) = 1 − x2, q(x) = 0, r(x) = 1, and λ = α(α + 1).

Bessel’s equation

When Bessel’s equation of order ν is written in its more general form

x2 y′′ + xy′ + (k2x2 − ν2)y = 0, (125)

the equation follows from (122) by setting p(x) = x, q(x) = −ν2/x, r(x) = x, and
λ = k2.

The Chebyshev equation

The Chebyshev equation of order ν is

(1 − x2)y′′ − xy′ + n2 y = 0, (126)

and the equation follows from (122) by setting p(x) = (1 − x2)1/2, q(x) = 0, r(x) =
(1 − x2)−1/2, and λ = n2.

For future reference, Table 8.3 lists p(x), q(x), r(x), and λ for the preceding
equations, together with three other named equations that find applications in nu-
merical analysis and elsewhere.
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TABLE 8.3 p(x), q(x), r(x) and λ for Some Named Equations

Name p(x) q(x) r(x) λ

Simple harmonic equation 1 0 1 n2

Legendre’s equation 1 − x2 0 1 α(α + 1)
Bessel’s equation x −ν2/x x k2

Bessel’s modified equation x −ν2/x −x k2

Laguerre equation xe−x 0 e−x n
Chebyshev equation (1 − x2)1/2 0 (1 − x2)−1/2 n2

Hermite equation e−x2
0 e−x2

2n

When the Sturm–Liouville equation (122) is associated with boundary condi-
tions at x = a and x = b, the equation itself together with the boundary conditions
form what is called a Sturm–Liouville problem. The boundary conditions that will
concern us here are the homogeneous boundary conditions,

A1 y(a) + A2 y′(a) = 0 and B1 y(b) + B2 y′(b) = 0, (127)

where the term homogeneous is used in the sense that the linear combinations of
y(x) and y′(x) at x = a and x = b are both equal to zero. There are three cate-
gories of Sturm–Liouville problems that arise, called regular, periodic, and singular
problems according to the nature of the boundary conditions and the behavior of
p(x) at the boundaries.

Regular Sturm–Liouville problems

Regular problems are those for which constant values of λ are sought corresponding
to each of which a nontrivial solution can be found for the Sturm–Liouville equation

(py′)′ + (q + λr)y = 0,

with p(x) > 0 continuous on a ≤ x ≤ b and subject to the boundary conditions

A1 y(a) + A2 y′(a) = 0 and B1 y(b) + B2 y′(b) = 0,

where in neither of the boundary conditions do both constant coefficients vanish.

Periodic Sturm–Liouville problems

This class of problems arises when p(x) and the boundary conditions involving y(x)
and y′(x) are periodic over the interval a ≤ x ≤ b. In this case constant values of λ

are sought corresponding to each of which a nontrivial solution can be found for
the Sturm–Liouville problem

(py′)′ + (q + λr)y = 0,

subject to the periodic boundary conditions

p(a) = p(b), y(a) = y(b), and y′(a) = y′(b).
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Singular Sturm–Liouville problems

In this class of problems constant values of λ are sought, corresponding to each of
which a nontrivial solution can be found for the Sturm–Liouville equation

(py′)′ + (q + λr)y = 0,

on a finite interval at one or or both ends of which p(x) or r(x) vanish, or on a semi-
infinite or infinite interval. The most frequently occurring problem of this type,
and the only one to be considered here, is the Sturm–Liouville problem defined
on a finite interval a ≤ x ≤ b, where the singular point is located at either x = a or
x = b, so that either p(a) = 0 or p(b) = 0. In such cases the boundary condition that
is often imposed at the singular point takes the form of the requirement that the
solution remains bounded there. Typically, this happens when a bounded solution of
Bessel’s equation of the form y(x) = AJ0(x) + BY0(x) is required over an interval
0 ≤ x ≤ a, because then the requirement that the solution remains bounded at the
singular point located at x = 0 means we must set B = 0 to exclude the infinite
value of Y0(x) at x = 0.

When dealing with Sturm–Liouville problems, each value of λ for which a
nontrivial solution can be found is called an eigenvalue of the problem, and the
corresponding solution y(x) is called an eigenfunction of the problem. Because
the Sturm–Liouville equation (122) is homogeneous, it follows that an eigenfunc-
tion can be multiplied by any constant factor and still remain an eigenfunction.
This simple but fundamental property will be used repeatedly, first when normal-
izing eigenfunctions and later when representing arbitrary functions defined over
an interval [a, b] in terms of series of eigenfunctions, as is done in Chapter 9 when
working with Fourier series. Such representations of functions are called eigenfunc-
tion expansions.

In most practical situations an eigenvalue is associated with an important phys-
ical characteristic of the problem, such as the frequency of vibration of a string or
of a metal plate. In such cases the eigenfunction can be considered to describe a
“snapshot” of a particular mode of vibration of the string or plate when it vibrates at
the frequency determined by the associated eigenvalue. This application, and oth-
ers that lead to Sturm–Liouville problems, will be developed in detail when partial
differential equations are discussed in the context of separation of variables.

A Regular Problem
EXAMPLE 8.18 Find the eigenvalues and eigenfunctions of the two-point boundary value problem

y′′ + λy = 0,

such that

y(0) = 0 and y′(π) = 0.

Solution The interval over which the eigenfunctions are defined is 0 ≤ x ≤ π .
We need to consider the three cases λ = 0, λ < 0, and λ > 0. The homogenous
boundary conditions in this problem are of the type given in (127) with A2 = 0
and B1 = 0, where the values of the constants A1 and B2 are immaterial provided
neither is zero.
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Case λ = 0

When λ = 0 the equation has the general solution

y(x) = C1x + C2,

so to satisfy the boundary condition y(0) = 0 we must have C2 = 0, and to satisfy
the boundary condition y′(π) = 0 we must have C1 = 0, giving rise to the trivial
solution y(x) ≡ 0. Thus, λ = 0 is not an eigenvalue of the problem.

Case λ < 0

If we set λ = −μ2, the general solution becomes

y(x) = C1eμx + C2e−μx,

so the imposition of the boundary conditions requires that

0 = C1 + C2 and 0 = μC1eμπ − μC2e−μπ .

After the elimination of C2, this last result can be written

0 = 2μC1 cosh μπ,

but μ > 0, so as cosh μπ �= 0, this is only possible if C1 = 0, so again we obtain the
trivial solution showing that the problem has no negative eigenvalues.

Case λ > 0

As λ > 0, it is convenient to set λ = μ2, when the general solution of the equation
becomes

y(x) = C1 cos μx + μC2 sin μx.

Applying the boundary condition y(0) = 0 to the general solution gives C1 = 0, and
applying the boundary condition y′(π) = 0 gives

μC2 cos μπ = 0,

so either C2 = 0 or cos μπ = 0. If we take C2 = 0, then as C1 = 0 we obtain the
trivial solution, so we must take C2 �= 0. The condition cos μπ = 0 is satisfied if
μπ is one of the zeros of the cosine function given by ± 1

2 (2n + 1)π, for n = 0, 1,

2, . . . .

Denoting the permitted values of μ by μn we arrive at the condition

μn = ±1
2

(2n + 1), with n = 0, 1, 2, . . . .

The eigenvalues of this problem corresponding to the parameter λ = μ2 are thus

λn = (2n + 1)2

4
, with n = 0, 1, 2, . . . ,

and the corresponding eigenfunctions are

yn(x) = sin
(2n + 1)x

2
with n = 0, 1, 2, . . . .

When writing down the form of the eigenfunction yn(x), we have set C2 = 1
because, as has already been remarked, an eigenfunction can be multiplied by any
constant nonzero factor and still remain an eigenfunction.
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This example has shown the existence of an infinite increasing sequence of pos-
itive eigenvalues μ2

n, corresponding to each of which there is a nontrivial solution of
the Sturm–Liouville problem, namely the eigenfunction yn(x) = sin μnx. If μ �= μn,
then the Sturm–Liouville problem only has the trivial solution y(x) ≡ 0.

A Periodic Problem
EXAMPLE 8.19 Find the eigenvalues and eigenfunctions of the Sturm–Liouville equation

y′′ + λy = 0

subject to the conditions

y(0) = y(L), y′(0) = y′(L).

Solution The interval over which the eigenfunctions are defined is 0 ≤ x ≤ L,
and as in Example 8.18 we must again consider the three cases λ = 0, λ < 0, and
λ > 0.

Case λ = 0

As in the previous problem, the general solution is

y(x) = C1x + C2,

so applying the boundary condition y(0) = y(L) leads to the result C2 = C1L+ C2,
from which it follows that C1 = 0. As y′(x) = C1 the boundary condition y′(0) =
y′(L) is automatically satisfied, showing that y(x) = C2, with C2 any nonzero con-
stant. This shows that in this case λ = 0 is an eigenvalue, and that y(x) = C2 (C2 is
an arbitrary nonzero constant) is the corresponding eigenfunction.

Case λ < 0

If we set λ = −μ2, the general solution becomes

y(x) = C1eμx + C2e−μx.

The boundary condition y(0) = y(L) leads to the condition

C1(1 − eμL) = C2(e−μL − 1),

and the boundary condition y′(0) = y′(L) leads to the condition

C1(1 − eμL) = −C2(e−μL − 1).

This last condition is only possible if C1 = 0, but then C2 = 0, so we again obtain
the trivial solution. Consequently, we conclude that this problem has no negative
eigenvalues.

Case λ > 0

Setting λ = μ2 the general solution of the equation becomes

y(x) = C1 cos μx + C2 sin μx.

The boundary condition y(0) = y(L) leads to the condition

C1(1 − cos μL) = C2 sin μL,
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and the boundary condition y′(0) = y′(L) leads to the condition

C2(1 − cos μL) = −C1 sin μL.

Eliminating C2 between these two equations and simplifying the result gives

2C1(1 − cos μL) = 0.

This condition is satisfied if either C1 = 0, or if cos μL = 1. If C1 = 0, then C2 = 0,
and we obtain the trivial solution, so the only other possibility is that cos μL = 1.
This last condition will be satisfied if μL is zero or an integer multiple of 2π , so

μL = ±2nπ for n = 0, 1, 2, . . . ,

or

μn = ±2nπ/L for n = 0, 1, 2, . . . .

As λ = μ2 the eigenvalues are seen to be

λn = 4n2π2/L2, for n = 0, 1, 2, . . . .

The corresponding eigenfunctions are

yn(x) = C1 cos μnx + C2 sin μnx,

or

yn(x) = C1 cos(2nπx/L) + C2 sin(2nπx/L), for n = 0, 1, 2, . . . ,

where not both constants C1 and C2 are zero. Because C1 and C2 are arbitrary, and
both the cosine function and the sine function satisfy the Sturm–Liouville equation
and the boundary conditions, by first setting C1 = 1 and C2 = 0 and then C1 = 0 and
C2 = 1 it is seen that in this case the single eigenvalue λn = 4n2π2/L2 has associated
with it the two distinct eigenfunctions

y(1)
n (x) = cos(2nπx/L) and y(2)

n (x) = sin(2nπx/L).

The eigenvalues in Sturm–Liouville problems are not always determined as
easily as in the previous examples, and this is illustrated by the next example.

EXAMPLE 8.20 Find the eigenvalues and eigenfunctions of the Sturm–Liouville equation

y′′ + λy = 0,

subject to the conditions

y(0) − y′(0) = 0, y(1) + y′(1) = 0.

Solution The interval over which the eigenfunctions are defined is 0 ≤ x ≤ 1, and
as before we must again consider the cases λ = 0, λ < 0, and λ > 0.

Case λ = 0

The general solution is

y(x) = C1x + C2,

so applying the boundary condition y(0) − y′(0) = 0 shows that C2 − C1 = 0, while
applying the boundary condition y(1) + y′(1) = 0 gives the condition 2C1 + C2 = 0.
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The only solution for these equations is C1 = C2 = 0 corresponding to the trivial
solution, so λ = 0 is not an eigenvalue of the problem.

Case λ < 0

Setting λ = −μ2 leads to the general solution

y(x) = C1eμx + C2e−μx.

Applying the boundary condition y(0) − y′(0) = 0 leads to the condition

C1(1 − μ) + C2(1 + μ) = 0,

and applying the boundary condition y(1) + y′(1) = 0 leads to the condition

C1[(1 + μ)eμ + C2(1 − μ)e−μ] = 0.

As a factor μ − 1 appears, we must consider the cases μ = 1 and μ �= 1 sepa-
rately. If μ = 1, the first equation gives C2 = 0, and the second one gives C1 = 0,
corresponding to the trivial solution. So μ = 1 is not an eigenvalue. If μ �= 1, elim-
inating C2 between these two equations leads to the condition

C1[(1 + μ)2eμ − (1 − μ)2e−μ] = 0.

As μ > 0, (μ + 1)2eμ > (μ − 1)2e−μ, showing that the bracketed term is non-
vanishing, from which we conclude that C1 = 0, and so C2 = 0, corresponding to the
trivial solution. Thus, this Sturm–Liouville problem has no negative eigenvalues.

Case λ > 0

Setting λ = μ2 leads to the general solution

y(x) = C1 cos μx + C2 sin μx.

Applying the boundary condition y(0) − y′(L) = 0 shows that

C1 − μC2 = 0,

and applying the boundary condition y(1) + y′(1) = 0 gives

C1 cos μ + C2 sin μ − μC1 sin μ + μC2 cos μ = 0.

Eliminating C1 between these two equations, we obtain

C2[2μ cos μ + (1 − μ2) sin μ] = 0.

The constant C2 cannot be zero, because then C1 = 0, corresponding to the
trivial solution, so μ must be a solution of the equation

2μ cos μ + (1 − μ2) sin μ = 0

or, equivalently, μn is a solution of the transcendental equation

tan μn = 2μn

μ2
n − 1

.

This equation can only be solved numerically, but approximate solutions can be
found graphically. Figure 8.12(a) shows graphs of y = tan μ and y = 2μ/(μ2 − 1),
and the required solutions μn are the values of μ at which the graphs intersect. It
has been shown that μ = 1 is not an eigenvalue, so the permissible values of μn are
all greater than 1. The vertical lines to the right of x = 1 are the asymptotes to the
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FIGURE 8.12 The roots of tan μ = 2μ/(μ2 − 1).

tangent function, and the vertical line at x = 1 is the asymptote to 2x/(x2 − 1), to
the right of which must lie all the solutions μn. The graph in Fig. 8.12b, drawn on
a larger scale, shows that the first two values of μ are approximately μ1 = 1.3 and
μ2 = 3.7. A numerical calculation using Newton’s method described in Chapter 19
gives the better approximations μ1 = 1.30654 and μ = 3.67319. It can be seen from
Fig. 8.12a that when n is large μn ≈ nπ .

A Singular Problem
EXAMPLE 8.21 Find the eigenvalues and eigenfunctions of Bessel’s equation

x2 y′′ + xy′ + (k2x2 − n2)y = 0

on the interval 0 ≤ x ≤ a on which the solution is bounded with y(a) = 0.

Solution This is a singular Sturm–Liouville problem, because when Bessel’s equa-
tion is written in the Sturm–Liouville form

d
dx

[
x

dy
dx

]
+
(

k2x2 − n2

x

)
y = 0,

with p(x) = x, q(x) = −n2/x, r(x) = x, and λ = k2 (see Table 8.3), it is seen that
p(0) = 0.

The general solution is

y(x) = C1 Jn(kx) + C2Yn(kx),

but Yn(kx) is infinite when x = 0, so for the solution to remain finite over the interval
0 ≤ x ≤ a we must set C2 = 0.

The solution now reduces to

y(x) = C1 Jn(kx),

so if the boundary condition y(a) = 0 is to be satisfied we must set

Jn(ka) = 0.

This condition will be satisfied if ka is one of the zeros of Jn(x). If we denote the
zeros of Jn(x) by jn,r , with r = 1, 2, . . . , it follows that k must be such that it assumes
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one of the values

kn = jn,r/a, with r = 1, 2, . . . .

Thus, the eigenvalues λn = k2
n are given by

λn = j2
n,r/a2,

and the corresponding eigenfunctions are

yr (x) = Jn( jn,r x/a), with r = 1, 2, . . . ,

where for convenience we have set C1 = 1. Table 8.1 lists the first six zeros of Jn(x)
for n = 0, 1, 2, 3. Thus if, for example, we consider the case n = 0, the corresponding
zeros are seen to be j0,1 = 2.4048, j0,2 = 5.5201 . . . , so the eigenvalues are λ1 =
5.7832/a2, λ2 = 30.4711/a2, . . . , and the corresponding eigenfunctions are

y1(x) = J0(2.4048x/a), y2(x) = J0(5.5201x/a), . . . .

Orthogonal and Orthonormal Systems
of Functions
When working with eigenfunctions it is useful to introduce the notions of orthogonal
and orthonormal systems of eigenfunctions that are defined as follows.

Let ϕ1(x), ϕ2(x), . . . be an infinite sequence of functions defined over the inter-
val a ≤ x ≤ b on which a function r(x) ≥ 0 is defined. Then the functions are said
to be orthogonal with respect to the weight function r(x) if

∫ b

a
r(x)ϕm(x)ϕn(x)dx = 0 for m �= n.

orthogonal and
orthonormal
systems

Clearly, the integral
∫ b

a r(x)ϕm(x)ϕn(x)dx > 0 when m = n, so we can define a num-
ber ‖ϕn(x)‖, called the norm of ϕn(x), where the square of the norm is defined as

‖ϕn(x)‖2 =
∫ b

a
r(x)ϕ2

n(x)dx.

Using this definition of the norm it is easy to see that the sequence of normalized
functions ϕ̂1(x) = ϕ1(x)/‖ϕ1(x)‖, ϕ̂2(x) = ϕ2(x)/‖ϕ2(x)‖, . . . has the property that

∫ b

a
ϕ̂m(x)ϕ̂n(x)r(x)dx = 0, for m �= n

and ∫ b

a
ϕ̂m(x)ϕ̂n(x)r(x)dx = 1, for m = n.

The sequence of functions ϕ̂1(x), ϕ̂2(x), . . . derived from the sequence of orthogonal
functions ϕ1(x), ϕ2(x), . . . by normalization is said to form an orthonormal sequence
of functions.
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In what follows the orthogonality of eigenfunctions will be used extensively,
but for the moment it will be sufficient to give a single elementary example of an
orthogonal sequence of functions.

EXAMPLE 8.22 Show that the sequence of functions

1, cos x, sin x, cos 2x, sin 2x, cos 3x, sin 3x, . . .

is orthogonal over the interval −π ≤ x ≤ π with respect to the weight function
r(x) = 1, and use it to construct an orthonormal sequence.

Solution The functions in this sequence occur in the Fourier series representation
of an arbitrary function f (x) defined over the interval −π ≤ x ≤ π that is discussed
in Chapter 9. Routine calculation shows that for m �= n,∫ π

−π

sin mx sin nx dx = 0,

∫ π

−π

cos mx cos nx dx = 0,

∫ π

−π

sin mx cos nx dx = 0,

and ∫ π

−π

1dx = 2π,

∫ π

−π

sin2 nxdx =
∫ π

−π

cos2 nxdx = π, n = 1, 2, . . . ,

while
∫ π

−π
1 · cos mxdx = ∫ π

−π
1 · sin mxdx = 0.

So the functions

1, cos x, sin x, cos 2x, sin 2x, cos 3x, sin 3x, . . .

are orthogonal over the interval −π ≤ x ≤ π with respect to the weight function
r(x) = 1. The respective norms are ‖1‖ = √

2π and ‖ sin nx‖ = ‖ cos nx‖ = √
π , so

the sequence of functions

1/
√

2π, (sin nx)/
√

π, (cos nx)/
√

π, with n = 1, 2, . . . ,

forms an orthonormal sequence.

Fundamental Properties of Eigenvalues
The theorem that follows lists the most important properties of the eigenvalues and
eigenfunctions of Sturm–Liouville problems. Apart from the important Rayleigh
quotient that occurs in Theorem 8.3 (5), the other properties are all qualitative and
their main use is to provide general information about eigenvalues that is often of
considerable value when working with physical problems.

important properties
of eigenvalues

For convenience, the proofs of all results in Theorem 8.3 that can be established
in a straightforward manner have been included in an appendix at the end of this
chapter. The proofs of the other results can be found in the references listed at the
end of the chapter. A reader who does not require the proofs that are given here
may omit them, though the properties themselves should be understood.

THEOREM 8.3 A Sturm–Liouville theorem

1. Regular and periodic Sturm–Liouville problems have an infinite number of
distinct real eigenvalues λ1, λ2, . . . , that can be arranged in order so that

λ1 < λ2 < λ3 < . . . ,
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where the smallest eigenvalue λ1 is finite, and

lim
n→∞ λn = ∞.

2. To each eigenvalue of a regular Sturm–Liouville problem there corresponds
only one eigenfunction that is unique apart from an arbitrary multiplicative
constant.

3. Let the eigenfunctions of a Sturm–Liouville problem on an interval a ≤ x ≤ b
with weight function r(x) be denoted by ϕ1, ϕ2, . . . , with the corresponding
eigenvalues λ1, λ2, . . . . Then, if ϕm and ϕn are eigenfunctions corresponding
to two distinct eigenvalues λm and λn (λm �= λn for m �= n), the functions are
orthogonal with respect to the weight function r(x), so

∫ b

a
r(x)ϕm(x)ϕn(x)dx = 0.

4. All the eigenvalues of a Sturm–Liouville problem are real.
5. Let λn be an eigenvalue of a regular Sturm–Liouville problem, with ϕn its

associated eigenfunction defined on an interval a ≤ x ≤ b. Then λn is given in
terms of the Sturm–Liouville functions p, q, r, and the boundary conditions
by the Rayleigh quotient

λn = −[pϕnϕ
′
n]b

a + ∫ b
a p(ϕ′

n)2dx − ∫ b
a qϕ2

n dx∫ b
a rϕ2

n dx
.

6. Let λn be an eigenvalue and ϕn be the corresponding eigenfunction of a reg-
ular Sturm–Liouville problem defined on a ≤ x ≤ b. Then if q(x) < 0 and
[p(x)ϕnϕ

′
n]b

a ≤ 0, all the eigenvalues are nonnegative.
7. The nth eigenfunction of a regular Sturm–Liouville problem defined on the

interval a ≤ x ≤ b has exactly n − 1 zeros lying strictly inside the interval.
8. Let two regular Sturm–Liouville problems defined on an interval a ≤ x ≤ b

be such that [p(x)ϕnϕ
′
n]b

a = 0 and differ only in their coefficients p(x). Fur-
thermore, let the problem with the coefficient p1(x) have the eigenvalues
λ

(1)
1 , λ

(1)
2 , . . . , and the problem with the coefficient p2(x) have the eigenvalues

λ
(2)
1 , λ

(2)
2 , . . . . Then, if p1(x) > p2(x),

λ(1)
n > λ(2)

n for n = 1, 2, . . . .

9. Let a regular Sturm–Liouville equation with q(x) < 0 be defined on an in-
terval a ≤ x ≤ b and have boundary conditions such that the first term in the
numerator of the Rayleigh quotient in Property 5 is zero. Then reducing the
length of the interval a ≤ x ≤ b will not reduce the value of any eigenvalue.

Remarks about Theorem 8.3

Property 1 ensures that the eigenvalues are distinct (λm �= λn if m �= n), that they
are infinite in number, and, because limn→∞ λn = ∞, that there can be no clustering
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of eigenvalues about a finite limit point. If, for example, the eigenvalues represent
the frequencies of vibration of a stretched string of finite length L, this means there
is a lowest frequency of vibration, but no upper limit to the frequency of vibration
of the string.

Property 2 says that to each distinct eigenvalue of a regular Sturm–Liouville
problem there corresponds only one eigenfunction, and it is unique apart from
a constant multiplicative factor. Notice that this only applies to regular Sturm–
Liouville problems, because in periodic Sturm–Liouville problems an eigenvalue
has associated with it two linearly independent eigenfunctions. This latter situation
occurred in Example 8.19, where the two eigenfunctions

y(1)
n (x) = cos(2nπx/L) and y(2)

n (x) = sin(2nπx/L)

were seen to correspond to the single eigenvalue λn = 4n2π2/L2. In such cases
there can only be two eigenfunctions to each eigenvalue, because the equation is
second order. The scaling of eigenfunctions by a constant is used repeatedly when
representing arbitrary functions in terms of series of eigenfunctions.

Property 3 is of fundamental importance because of the part played by orthog-
onality when developing arbitrary functions in terms of series of eigenfunctions
defined over some interval. It is the orthogonality of sine and cosine functions
illustrated in Example 8.22 that is used when working with Fourier series.

It will be seen later that the representation (expansion) of arbitrary functions
in terms of series of eigenfunctions is more general than in terms of power series.
This is because, unlike Taylor series whose coefficients are determined by repeated
differentiation of the function being expanded, the coefficients in series of eigen-
functions are determined in terms of integrals involving the function. This means
that the function can have finite discontinuities at points within its interval of rep-
resentation and still have an eigenfunction expansion.

Property 4 removes the necessity to check Sturm–Liouville problems for the
possibility that negative eigenvalues occur. Had this property been known in ad-
vance of Examples 8.18 to 8.21, it would have been unnecessary to have examined
the forms of solution corresponding to λ < 0.

Property 5 is useful when seeking qualitative properties of eigenvalues. The
result is not directly useful when trying to determine an eigenvalue because the
associated eigenfunction needs to be known. The main use of the Rayleigh quotient
arises when it is used in the following rather different form.

Let a function �(x) containing some arbitrary constants α, β, . . . satisfy the
boundary conditions of a Sturm–Liouville problem. Then with any choice of the
arbitrary constants, the Rayleigh quotient

−[p�n�
′
n]b

a + ∫ b
a p(�′

n)2 dx − ∫ b
a q�2

n dx∫ b
a r�2

n dx
(128)

provides an upper bound for the value of the smallest eigenvalue of the associated
Sturm–Liouville problem. If the arbitrary constants α, β, . . . are chosen to minimize
this expression, its value becomes the best estimate of the smallest eigenvalue that
can be obtained using that approximation. Furthermore, substituting the values of
the constants that minimize the Rayleigh quotient into the function �(x) provides a
corresponding approximation to the first eigenfunction. The actual value λ1 is only
attained when �(x) = ϕ1(x).

Property 6, together with Property 4, ensures that under the given conditions
the eigenvalues are both real and positive. In corresponding physical problems
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this result is usually to be expected on an intuitive basis, so the result provides
the mathematical justification for making such an assumption on purely physical
grounds.

Property 7 provides precise information about the number of zeros of a given
eigenfunction within the interval over which it is defined. It is well illustrated by
considering Figs. 8.1 showing graphs of Legendre polynomials. These show, for
example, that P3(x) has precisely three zeros in the interval −1 ≤ x ≤ 1, whereas
P4(x) has four zeros. It is important to recognize that these zeros lie strictly in-
side the interval, so that zeros that occur at either end of an interval are not
counted.

Property 8 means that if in a Sturm–Liouville problem p(x) is associated with
a characteristic feature of a physical system, then increasing p(x) increases each
eigenvalue of the system. For example, if p(x) is related to the density of a vibrating
string, then increasing the density while keeping all other parameters constant will
decrease the frequency of vibration, and increasing the tension will increase the
frequency.

Property 9 means that reducing the length of the interval a ≤ x ≤ b on which a
Sturm–Liouville problem is set cannot reduce the values of the eigenvalues. In fact,
it usually increases them. This is most easily understood in terms of a vibrating string
for which the eigenvalues of the associated Sturm–Liouville problem represent its
possible frequencies of vibration (see Chapter 18). In such a case shortening the
string, while leaving other parameters unchanged, will increase the frequency, as
any guitarist or violinist knows from experience.

EXAMPLE 8.23 An orthogonal system of sine functions The Sturm–Liouville problem considered
in Example 8.18, namely

y′′ + λy = 0 with y(0) = 0 and y′(π) = 0,

is such that p(x) = 1, q(x) = 0, and r(x) = 1. Its eigenvalues were shown to be

orthogonality and
weight functions

λn = (2n + 1)2/4, and its corresponding eigenfunctions were

ϕn(x) = sin
(2n + 1)x

2
, n = 0, 1, . . . .

Thus, from Theorem 8.3 (3), the functions ϕn(x) are orthogonal over the interval
0 ≤ x ≤ π with weight function r(x) = 1, and so∫ π

0
ϕm(x)ϕn(x)dx = 0 for m �= n.

The square of the norm is given by

‖ϕn(x)‖2 =
∥∥∥∥sin

(2n + 1)x
2

∥∥∥∥2

=
∫ π

0

(
sin

(2n + 1)x
2

)2

dx = π

2
,

so ‖ϕn(x)‖ = √
π/2.

EXAMPLE 8.24 Orthogonality of Legendre polynomials When written in Sturm–Liouville form,
Legendre’s equation becomes

[(1 − x2)y′]′ + λy = 0,

and it is defined over the interval −1 ≤ x ≤ 1, with p(x) = 1 − x2, q(x) = 0, and
r(x) = 1. The Legendre polynomial Pn(x) corresponds to λ = n(n + 1), so from
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Theorem 8.3 (3) we see that the Legendre polynomials are orthogonal with respect
to the weight function r(x) = 1, so that∫ 1

−1
Pm(x)Pn(x)dx = 0 for m �= n.

To determine the norm ‖Pn(x)‖ we make use of recurrence relation (16),

(n + 1)Pn+1(x) − (2n + 1)xPn(x) + nPn−1(x) = 0.

Replacing n by n − 1 and substituting for one of the factors Pn(x) in the integral
gives

‖Pn(x)‖2 =
∫ 1

−1
Pn(x)

{(
2n − 1

n

)
xPn−1(x) − n − 1

n
Pn−2(x)

}
dx

=
(

2n − 1
n

)∫ 1

−1
xPn−1(x)Pn(x)dx −

(
n − 1

n

)∫ 1

−1
Pn(x)Pn−2(x)dx

=
(

2n − 1
n

)∫ 1

−1
xPn−1(x)Pn(x)dx,

where the second integral has been set equal to zero because of the orthogonality of
Pn(x) and Pn−2(x). Using the recurrence relation to remove the term xPn(x) gives

‖Pn(x)‖2 =
(

2n − 1
n

)∫ 1

−1
Pn−1(x)

{(
n + 1

2n + 1

)
Pn+1(x) +

(
n

2n + 1

)
Pn−1(x)

}
dx

=
(

2n − 1
2n + 1

)∫ 1

−1
[Pn−1(x)]2 dx,

where the first integral vanishes because of the orthogonality of Pn(x) and Pn−1(x).
This has established the recurrence relation for norms

‖Pn(x)‖2 =
(

2n − 1
2n + 1

)
‖Pn−1(x)‖2.

Using this result to relate ‖Pn(x)‖2 to ‖P0(x)‖2 and cancelling factors shows that

‖Pn(x)‖2 =
(

2n − 1
2n + 1

)(
2n − 3
2n − 1

)(
2n − 5
2n − 3

)
· · ·
(

3
5

)(
1
3

)
‖P0(x)‖2

=
(

1
2n + 1

)
‖P0(x)‖2,

but ‖P0(x)‖2 = ∫ 1
−1 1dx = 2, so that

‖Pn(x)‖2 = 2
2n + 1

, and ‖Pn(x)‖ =
√

2
2n + 1

for n = 0, 1, . . . .

EXAMPLE 8.25 Orthogonality of Bessel functions Jn(x) When written in Sturm–Liouville form,
Bessel’s equation of order n becomes

[x J ′
n(kx)]′ +

(
k2x − n2

x

)
Jn(kx) = 0,

where p(x) = x, q(x) = −n2/x, r(x) = x, and λ = k2.
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The orthogonality of Bessel functions over an interval 0 ≤ x ≤ a takes a some-
what different form from that in the previous examples, because the orthogonality
is between Bessel functions of the same order, but with different arguments, rather
than between Bessel functions of different orders. If for fixed n the solution Jn(kx)
is required to satisfy the boundary condition

Jn(ka) = 0,

it follows, as in Example 8.21, that the permissible values of k are

kr = jn,r/a, with r = 1, 2, . . . ,

where jn,r is the r th zero of Jn(x), the first few of which are listed in Table 8.1.
Theorem 8.3 (3) then asserts that as the weight function r(x) = x, the orthogo-

nality condition is∫ a

0
x Jn

(
jn,r x

a

)
Jn

(
jn,s x

a

)
dx = 0 for r �= s.

The square of the norm of Jn( jn,r x
a ) is∥∥∥∥Jn

(
jn,r x

a

)∥∥∥∥2

=
∫ a

0
x
[

Jn

(
jn,r x

a

)]2

dx = a2

2
[Jn+1( jn,r )]2.

A proof of this last result is given in Appendix 2 at the end of the chapter.

EXAMPLE 8.26 Orthogonality of Chebyshev polynomials When written in Sturm–Liouville form,
the Chebyshev equation for the polynomial Tn(x) of degree n becomes

[(1 − x2)1/2 y′]′ + n2(1 − x2)−1/2 y = 0.

As the weight function is (1 − x2)−1/2, the orthogonality relation becomes∫ 1

−1

Tm(x)Tn(x)√
1 − x2

dx = 0 for m �= n.

The square of the norm of Tn(x) is given by

‖Tn(x)‖2 =
∫ 1

−1

[Tn(x)]2

√
1 − x2

dx

where ‖T0(x)‖2 = π and ‖Tn(x)‖2 = π/2 for n = 1, 2, . . . . As it is inappropriate to
include the proof of this result here, an outline proof is given in Exercise 31 at the
end of the section.

Accounts of Sturm–Liouville systems are to be found in references [3.3] and
[3.4] and in Chapter 5 of reference [3.7].

Summary The important idea of Sturm–Liouville systems was introduced, their relationship to eigen-
values and eigenfunctions was explained, and it was shown that the solutions of such sys-
tems comprise a system of functions that are orthogonal with respect to a suitable weight
function. The examples of Sturm–Liouville systems that were given included trigonometric,
Legendre, Chebyshev, and Bessel functions. Infinite sets of functions like these represent
generalizations to an infinite dimensional space of the elementary notion of the orthogo-
nality of vectors in the three-dimensional Euclidean space. The significance of the orthog-
onality of eigenfunctions will become clear later when arbitrary functions are expanded in
terms of eigenfunctions.
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EXERCISES 8.10

In Exercises 1 through 4, reduce the differential equation to
Sturm–Liouville form by the method used when reducing
equation (121) to the form in (122).

1. xy′′ + (1 − x)y′ + λy = 0.
2. y′′ − 2xy′ + λy = 0.
3. (1 − x2)y′′ − xy′ + λy = 0.
4. (1 − x2)2 y′′ − 2x(1 − x2)y′ + [λ(1 − x2) − m2]y = 0.

In Equations 5 through 14 find the eigenvalues and eigen-
functions of the differential equation.

5. y′′ + λy = 0, y(0) = 0, y(L) = 0.
6. y′′ + λy = 0, y′(0) = 0, y′(L) = 0.
7. y′′ + λy = 0, y′(0) = 0, y(1) = 0.
8. y′′ + λy = 0, y(0) = 0, y′(2π) = 0.
9. y′′ + λy = 0, y(0) = 0, y′(1) − 2y(1) = 0. Find numer-

ical estimates for the first two eigenvalues.
10. y′′ + λy = 0, y(0) = 0, y′(1) + y(1) = 0. Find numeri-

cal estimates for the first two eigenvalues.
11. y′′ + λy = 0, y(−1) = y(1), y′(−1) = y′(1).
12. y′′ + λy = 0, y(0) = y(1), y′(0) = y′(1).
13. x2 y′′ + xy′ + k2 y = 0, y(1) = 0, y(4) = 0.

(Hint: This is a Cauchy–Euler equation)
14. x2 y′′ + xy′ + 9k2 y = 0, y(1) = 0, y′(2) = 0.

(Hint: This is a Cauchy–Euler equation)

In Exercises 15 through 18, verify that the sets of functions
are orthogonal over their stated intervals with the weight
function r(x) = 1, and find their norms.

15. ϕn(x) = sin
(nπx

L

)
, n = 1, 2, . . (0 ≤ x ≤ L).

16. ϕn(x) = cos
(

(2n − 1)πx
2

)
, n = 1, 2, . . (0 ≤ x ≤ 1).

17. ϕn(x) = cos
(nπx

L

)
, n = 1, 2, . . (0 ≤ x ≤ L).

18. ϕn(x) = sin
(

(2n − 1)πx
4

)
, n = 1, 2, . . (0 ≤ x ≤ 2π).

19.* It is known from Example 8.18 that the Sturm–
Liouville problem

y′′ + λy = 0 with y(0) = 0, y′(π) = 0

has for its first eigenvalue λ1 = 1/4, and that the corre-
sponding eigenfunction is ϕ1(x) = sin x/2. Verify that
the function �(x) = x(2π − x) satisfies the bound-
ary conditions for y. By using this expression in the
form of the Rayleigh quotient given in (128), find
the corresponding upper bound for λ1 and compare
it with the exact value. Why is it that replacing �(x) by

�(x) = Cx(2π − x), where C is any nonzero constant,
leaves the estimate of the upper bound unchanged?

20.* Perform the calculation required in Exercise 19 using
the function�(x) = x2(1 − 2x

3π
), after first showing that

�(x) satisfies the boundary conditions. Compare the
value of the upper bound so obtained with the exact
value λ1 = 1/4. Suggest a reason why this approxima-
tion is not likely to yield a better lower bound than the
one obtained using the function �(x) in Exercise 19.

21.* The Sturm–Liouville form of Bessel’s equation of
order 1 is

[xy′]′ +
(

k2x − 1
x

)
y = 0,

where p(x) = x, q(x) = −1/x, r(x) = x, and λ = k2.
The bounded solution of this equation on the interval
0 ≤ x ≤ 1 subject to the condition y(1) = 0 is y(x) =
J1( j1,1x), where from Table 8.1 j1,1 = 3.8317 is the first
zero of J1(x). The inverted parabola �(x) = x(1 − x)
provides a reasonable approximation to the shape of
the required Bessel function for 0 ≤ x ≤ 1. Use this
expression in (128) to obtain an upper bound for the
first eigenvalue λ1 of the equation, and using the fact
that λ1 = j2

1,1 find an upper bound for j1,1. Compare
this estimate with the correct result.

22.* The Sturm–Liouville form of Bessel’s equation of
order 2 is

[xy′]′ +
(

k2x − 4
x

)
y = 0,

where p(x) = x, q(x) = −4/x, r(x) = x, and λ = k2.
The solution of this equation that is bounded on the in-
terval 0 ≤ x ≤ 1 and subject to the condition y(1) = 0
is y(x) = J2( j2,1x), where from Table 8.1 j2,1 = 5.1316
is the first zero of J2(x). Use the approximation �(x) =
x(1 − x) to obtain an upper bound for the first eigen-
value of the equation, and using the fact that λ1 = j2

2,1,
find an upper bound for j2,1. Compare this estimate
with the correct value.

23. The differential equation

L[y] = P(x)y′′ + Q(x)y′ + R(x)y = 0

has associated with it the adjoint differential equation
defined by

M[w] = [P(x)w]′′ − [Q(x)w]′ + R(x)w = 0.

A differential equation is said to be self-adjoint if the
differential equation and its adjoint are of the same
form. When this occurs, the differential operator com-
mon to both equations is also said to be self-adjoint.
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(a) Show that Bessel’s equation of order ν

x2 y′′ + xy′ + (x2 − ν2)y = 0

is not self-adjoint.
(b) Find the value of α that makes the following equa-

tion self-adjoint

(α sin x)y′′ + (cos x)y′ + 2y = 0.

24. Show that Legendre’s equation

(1 − x2)y′′ − 2xy′ − λy = 0

is self-adjoint.
25. Show that Bessel’s equation of order n in the form

x2 y′′ + xy′ − (x2 − n2)y = 0

is not self-adjoint, but that it becomes so when multi-
plied by 1/x.

26. Show that the Hermite equation in the form

y′′ − 2xy′ + λy = 0

is not self-adjoint, but that it becomes so when multi-
plied by exp[−x2].

27. Show that the Chebyshev equation in the form

(1 − x2)y′′ − xy′ + λy = 0

is not self-adjoint, but that it becomes self-adjoint
when multiplied by (1 − x2)−1/2.

28.* Let u(x) and v(x) be any two solutions of

d
dx

[
p(x)

dy
dx

]
+ q(x)y = 0

defined over the interval a ≤ x ≤ b. Prove Abel’s
identity

p(x)[u(x)v′(x) − u′(x)v(x)] = constant

for all x in the interval. As p(x) �= 0 in regular Sturm–
Liouville problems, what conclusion can be drawn
from Abel’s identity if (a) the constant is not zero and
(b) the constant is zero?
(Hint: Multiply the equations for u and v by suit-
able factors, subtract them, and integrate the resulting
equation over the interval a ≤ t ≤ x.)

29.* The Chebyshev polynomial Tn(x) can be defined as

Tn(x) = cos(n arc cos x), n = 0, 1, . . . .

Verify this by showing that this definition of Tn(x) sat-
isfies the Chebyshev differential equation

(1 − x2)y′′ − xy′ + n2 y = 0.

30.* Let y = Tn(x) = cos(n arc cos x) and set x = cos θ .
Use the fact that y(θ) satisfies the differential equa-
tion

d2 y
dθ 2

+ n2 y = 0

together with a change of variable back from θ to x to
show that this definition of Tn(x) satisfies the Cheby-
shev equation

(1 − x2)y′′ − xy′ + n2 y = 0.

31.* Show that if yn(θ) = cos nθ then∫ π

0
[yn(θ)]2dθ =

{
π, n = 0
1
2 π, n ≥ 1

.

By changing back from the variable θ to x, where x =
cos θ and using the definition of Tn(x) in Problem 30,
show that the square of the norm of Tn(x) is given by

‖Tn(x)‖2 =
∫ 1

−1

[Tn(x)]2

√
1 − x2

dx =
{

π, n = 0
1
2 π, n ≥ 1

.

8.11 Eigenfunction Expansions and Completeness

The orthogonality of a set of functions ϕ0(x), ϕ1(x), . . . over the interval a ≤ x ≤ b
with respect to a weight function r(x) allows them to be used to expand (represent)
a function f (x) over that same interval in terms of the functions ϕi (x) by expressing
it as the series

f (x) =
∞∑

m=0

amϕm(x) = a0ϕ0(x) + a1ϕ1(x) + . . . , (129)

where a0, a1, . . . are constants called the coefficients of the expansion.
The representation of functions in this manner is used in approximation theory,

in numerical analysis, and in the solution of partial differential equations by the
method of separation of variables to be described later (see Chapter 18). A series
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such as (129) is called a generalized Fourier series representation of f (x) or, when
the functions ϕn(x) are eigenfunctions, an eigenfunction expansion of f (x).

To see how the coefficients am in (129) are derived for a specific function f (x),
it is necessary to recall that

∫ b

a
r(x)ϕm(x)ϕn(x)dx = 0, m �= n, (130)

and

‖ϕn(x)‖2 =
∫ b

a
r(x)[ϕn(x)]2 dx. (131)

If the expansion (129) is multiplied by r(x)ϕn(x) and the result is integrated

eigenfunction
expansions

over the interval a ≤ x ≤ b, the orthogonality condition (130) causes every term
on the right for which m �= n to vanish, leaving only the term involving an, so using
(131) enables the result to be written∫ b

a
r(x)ϕn(x) f (x)dx = an

∫ b

a
r(x)[ϕn(x)]2dx = an‖ϕn(x)‖2.

This has established that the coefficients an are given by the formula

an =
∫ b

a r(x)ϕn(x) f (x)dx

‖ϕn(x)‖2
, n = 0, 1, . . . . (132)

The term-by-term integration of series (129) leading to (132) requires justifica-
tion, and this follows when the series is uniformly convergent.

Summary of Main Sets of Orthogonal Functions
1. Fourier series (see Chapter 9)

Interval of definition −π ≤ x ≤ π

Set of functions {1, cos nx, sin nx}, n = 1, 2, . . .

Weight r(x) = 1

Orthogonality
∫ π

−π

sin mx sin nx dx = 0, m �= n∫ π

−π

sin mx cos nx dx = 0,∫ π

−π

cos mx cos nx dx = 0, m �= n∫ π

−π

1 · sin mx dx = 0∫ π

−π

1 · cos mx dx = 0

Norms ‖1‖2 = 2π , ‖ cos nx‖2 = π , ‖ sin nx‖2 = π
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2. Legendre polynomials

Interval of definition −1 ≤ x ≤ 1

Set of functions P0(x) = 1, P1(x) = x, P2(x) = 1
2 (3x2 − 1), . . .

Recurrence relation (n + 1)Pn+1(x) − (2n + 1)xPn(x) + nPn−1(x) = 0

Weight r(x) = 1

Orthogonality
∫ 1

−1
Pm(x)Pn(x)dx = 0, m �= n

Norm ‖Pn(x)‖2 = 2
2n + 1

, n = 0, 1, . . . .

3. Bessel functions
Interval of definition 0 ≤ x ≤ a

Set of functions There is a set of orthogonal functions for each fixed n:
Jn( jn,r x/a), r = 1, 2, . . . , with jn,r the nth zero of Jn(x)

(see Table 8.1)

Weight r(x) = x

Orthogonality
∫ a

0
x Jn( jn,r x/a)Jn( jn,s x/a)dx = 0, r �= s

Norm ‖Jn( jn,r x/a)‖2 = 1
2 a2[Jn+1( jn,r )]2, r = 1, 2, . . .

4. Chebyshev polynomials

Interval of definition −1 ≤ x ≤ 1

Set of functions T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, . . .

Recurrence relation Tn+1(x) − 2xTn(x) + Tn−1(x) = 0

Weight (1 − x2)−1/2

Orthogonality
∫ 1

−1

Tm(x)Tn(x)√
1 − x2

dx = 0, m �= n

Norms ‖T0(x)‖2 = π, ‖Tn(x)‖2 = 1
2 π, n = 1, 2, . . . .

(See Exercises 30 and 31 in Exercise Set 18.10 for the derivation of the norms.)

EXAMPLE 8.27 A Fourier series Example 8.22 established the orthogonality of the set of
functions

a first example of a
Fourier series 1, cos x, sin x, cos 2x, sin 2x, . . .

over the interval −π ≤ x ≤ π with weight r(x) = 1. It is left as a simple exer-
cise to verify that these functions are the eigenfunctions of the Sturm–Liouville
problem

y′′ + λy = 0, y(−π) = y(π) = 0.

The Fourier series for a function f (x) is

f (x) = a0 +
∞∑

n=1

(an cos nx + bn sin nx),
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0 x

f(x)

1

−π/2−π π/2 π

FIGURE 8.13 The rectangular pulse.

where from (132), the Fourier coefficients are

a0 = 1
2π

∫ π

−π

f (x)dx, an = 1
π

∫ π

−π

f (x) cos nx dx

bn = 1
π

∫ π

−π

f (x) sin nxdx, n = 1, 2, . . . .

The formulas for the an and bn are called the Euler formulas for the Fourier coeffi-
cients.

In anticipation of Chapter 9, let us use these results to find the Fourier series
of the (discontinuous) rectangular pulse function

f (x) =
⎧⎨⎩

0, −π < x < −π/2
1, −π/2 < x < π/2
0, π/2 < x < π

shown in Fig. 8.13.
The discontinuities in f (x) cause no problem when deriving the coefficients an

and bn because integrals of finite discontinuous functions are well defined:

a0 = 1
2π

∫ π

−π

f (x) dx = 1
2π

∫ π/2

−π/2
1 dx = 1

2

an = 1
π

∫ π

−π

f (x) cos nx dx = 1
π

∫ π/2

−π/2
cos nx dx = 2

nπ
sin
(

1
2

nπ

)
=
{

0 if n is even

± 2
nπ

if n is odd.

A similar calculation shows that

bn = 1
π

∫ π/2

−π/2
sin nx dx =

[−1
nπ

cos nx
]π/2

−π/2
= 0, n = 1, 2, . . . .

Substituting for the coefficients in the Fourier series gives

f (x) = 1
2

+ 2
π

∞∑
n=1

(−1)n+1 cos(2n − 1)x
2n − 1

,

and so

f (x) = 1
2

+ 2
π

(
cos x − cos 3x

3
+ cos 5x

5
− · · ·

)
, −π ≤ x ≤ π.
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Notice that although f (x) is discontinuous at x = ±π/2, the Fourier series is defined
at these points and has the value 1/2.

This example illustrates the fact that a Fourier series expansion (and indeed
any eigenfunction expansion) of f (x) is defined for all x in its interval of definition,
including points where f (x) is discontinuous, or not even defined. Because of this
it is necessary to question the use of the equality sign in (129) and to reinterpret its
meaning at points of discontinuity of f (x). More will be said about this in Chapter
9 in connection with Fourier series.

Some comments will be offered later about the convergence of eigenfunction
expansions in general, and their behavior at points of discontinuity of f (x) when
the completeness of sets of orthogonal functions is discussed.

EXAMPLE 8.28 A Fourier–Legendre expansion The expansion of a function f (x) in terms of
Legendre polynomials Pn(x) over the interval −1 ≤ x ≤ 1 is called a Fourier–
Legendre expansion, and it takes the forma Fourier–Legendre

expansion

f (x) =
∞∑

n=0

an Pn(x) = a0 + a1 P1(x) + · · · . (133)

From (135) the coefficients an are determined by

an =
∫ b

a r(x)ϕn(x) f (x)dx

‖ϕn(x)‖2
=
[

2n + 1
2

] ∫ 1

−1
f (x)Pn(x)dx, n = 0, 1, . . . .

As any polynomial of degree m can be expressed as a linear combination of
P0(x), P1(x), . . . , Pm(x), it follows from the orthogonality condition that∫ 1

−1
xmPn(x)dx = 0 for n > m.

The Fourier–Legendre expansion of the discontinuous function

f (x) =
{

0, −1 < x < 0
1, 0 < x < 1

is determined as follows. From (133),

an =
(

2n + 1
2

)∫ 1

−1
f (x)Pn(x)dx =

(
2n + 1

2

)∫ 1

0
Pn(x)dx. (134)

If we substitute for Pn(x), it then follows that the first few coefficients in the expan-
sion are

a0 = 1
2
, a1 = 3

4
, a2 = 0, a3 = − 7

16
, . . . ,

so the required expansion is

f (x) = 1
2

P0(x) + 3
4

P1(x) − 7
16

P3(x) + · · · .

Here also this Fourier-Legendre expansion attributes a value to f (x) at its point of
discontinuity at x = 0, and a closer examination shows that the value determined
by the expansion is 1/2.
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EXAMPLE 8.29 Fourier–Bessel expansions A function f (x) can be expanded over the interval
0 ≤ x ≤ a in terms of the Bessel function Jn, with n fixed, to obtain a Fourier–Bessel
expansion of the forma Fourier–Bessel

expansion

f (x) =
∞∑

r=1

ar Jn( jn,r x/a) = a1 Jn( jn,1x/a) + a2 Jn( jn,2x/a) + · · · , (135)

where

ar =
(

2
a2

) ∫ a
0 Jn( jn,r x/a) f (x)dx

[Jn+1( jn,r )]2
(136)

An expansion of this type will be used in Chapter 18 when solving the oscillations
of a circular membrane, such as the membrane covering a circular drum head.

EXAMPLE 8.30 Fourier–Chebyshev expansions The Fourier–Chebyshev expansion of a function
f (x) over the interval −1 ≤ x ≤ 1 takes the form

a Fourier–Chebyshev
expansion

f (x) =
∞∑

n=0

anTn(x) = a0T0(x) + a1T1(x) + · · · , (137)

where

an =
∫ 1
−1

f (x)Tn(x)√
1 − x2

dx

‖Tn(x)‖2
, (138)

with

‖T0(x)‖2 = π and ‖Tn(x)‖2 = 1
2
π, n = 1, 2, . . . .

Any polynomial of degree m can be expressed as a linear combination of T0(x),
T1(x), . . . , Tm(x), so it follows from the orthogonality conditions that∫ 1

−1

xmTn(x)√
1 − x2

dx = 0 for n > m.

It is now necessary to comment on the interpretation of the equality sign in
(129) at points where f (x) is discontinuous. For expansions in terms of orthogonal
functions to be useful, they must be able to represent the class of functions that occur
in practical applications. This means that an orthogonal set of functions defined over
an interval a ≤ x ≤ b must always be able to be used to expand functions that are
piecewise continuous and differentiable at all but a finite number of points in the
interval. For conciseness we will denote this set of functions by PC. In addition, the
set of orthogonal functions must be sufficiently rich in functions that there is no
function of practical importance that cannot be expanded in this manner.

completeness and
convergence

Orthogonal (and orthonormal) sets of functions that have this property are
said to be complete, and the ones introduced so far can all be shown to have this
property of completeness. As sets of orthogonal functions are required to expand
both continuous and piecewise continuous functions that belong to class PC, the
convergence of these expansions must of necessity be more general in nature than
ordinary convergence. It is this more general form of convergence, which will be
introduced shortly, that will permit the equality sign in (129) to be interpreted in a
special sense at points where f (x) is discontinuous.
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The special type of convergence we now introduce is called convergence in the
norm, mean-square convergence, or L2 convergence. This form of convergence is
defined by requiring that if a sequence of functions f1(x), f2(x), . . . converges in the
mean to a function f (x), then

lim
n→∞ ‖ fn(x) − f (x)‖ = 0, (139)

or, more explicitly,

lim
n→∞

∫ b

a
r(x)[ fn(x) − f (x)]2 dx = 0. (140)

When interpreting (139) as (140) it is convenient to omit the square root in the
definition of the norm, as this simplifies analysis and does not influence the limit.

The sequence of functions fn(x) in this definition can be taken to be the nth
partial sum of the eigenfunction expansion (129),

fn(x) =
n∑

m=0

amϕm(x) = a0ϕ0(x) + a1ϕ1(x) + · · · , (141)

where from now on we will assume ϕ0(x), ϕ1(x), . . . to be an orthonormal set of
functions so that ‖ϕn(x)‖2 = 1, n = 0, 1, . . . . Such an orthonormal set of functions
will be complete with respect to the functions f (x) in C if every function in PC can
be approximated by (141). Convergence in the norm and ordinary convergence are
the same everywhere a function is continuous and differentiable.

We now state without proof the fundamental eigenfunction expansion theorem.

THEOREM 8.4 Eigenfunction expansion theorem Let f (x) and f ′(x) have at most a finite num-
ber of jump discontinuities in the interval a ≤ x ≤ b. Then the eigenfunction ex-
pansion (129) converges in the mean to f (x) at every point of continuity of f (x)a fundamental

eigenfunction
expansion
theorem

inside this interval, and to the value 1
2 [ f (c−) + f (c+)] at any point c where f (x)

is discontinuous.

This convergence property has already been demonstrated in Example 8.27,
where the Fourier series converged to the value 1/2 at the points where the function
was discontinuous. Figure 8.14 shows the result in the general case.

f(c+)
1/2[ f(c−) + f(c+)]

f(c−)

0 a c b x

y
y = f(x)

FIGURE 8.14 Convergence of an eigenfunction expansion
at a point of discontinuity.
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To develop the concept of completeness a little further, we substitute (129) into
(140) to obtain∫ b

a
r(x)[ fn(x) − f (x)]2dx =

∫ b

a
r(x)[ fn(x)]2dx − 2

∫ b

a
r(x) f (x) fn(x)dx

+
∫ b

a
r(x)[ f (x)]2dx =

∫ b

a
r(x)

[
n∑

s=0

asϕs(x)

]2

dx

− 2
n∑

s=0

as

∫ b

a
r(x) f (x)ϕs(x)dx +

∫ b

a
r(x)[ f (x)]2dx.

The orthogonality property of the set of eigenfunctions ϕs(x) reduces the first inte-
gral on the right to

∑n
s=0 a2

s , while the definition of as shows that the second term
on the right can be written −2

∑n
s=0 a2

s , so the result becomes∫ b

a
r(x)[ fn(x) − f (x)]2dx = −

n∑
s=0

a2
s +

∫ b

a
r(x)[ f (x)]2dx.

The integrands of both integrals are nonnegative, and the integral on the right
is ‖ f (x)‖2, so we have established the inequality

n∑
s=0

a2
s ≤

∫ b

a
r(x)[ f (x)]2dx = ‖ f (x)‖2 for all n ≥ 0. (142)

This result is called Bessel’s inequality, and it shows that the sum
∑n

s=0 a2
s has theBessel’s inequality

upper bound ‖ f (x)‖2 as n → ∞. As the terms of the series are nonnegative, the
series increases as n increases, so it follows that

∑n
s=0 a2

s converges as n → ∞.
If the system of orthonormal functions ϕs(x) is complete, result (139) must be

true for every function f (x) in the class PC, so that then limn→∞
∑n

s=0 a2
s = ‖ f (x)‖2.

Consequently, for complete orthonormal systems of functions

∞∑
s=0

a2
s = ‖ f (x)‖2 =

∫ b

a
r(x)[ f (x)]2dx. (143)

This result is called the Parseval relation.Parseval relation

THEOREM 8.5 Completeness of orthonormal systems Let ϕ0(x), ϕ1(x), . . . be a complete or-
thonormal set of functions with respect to the set C to which the functions f (x)
belong. Then the only continuous function in C that is orthogonal to every function
ϕn(x) is the zero function f (x) ≡ 0. Furthermore, if the restriction of continuity
is removed, the only functions that can be orthogonal to every function in the
orthonormal set are those with zero norm.

Proof In the first case the vanishing of the norm of f (x) implies that f (x) ≡ 0. In
the second case, the orthogonality of a function with respect to every eigenfunction
implies that the function must be degenerate, and although not identically zero,
must have a zero norm.

See Chapters 2 and 5 of reference [3.7] for information about eigenfunction
expansions and orthonormal sets of functions.
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Summary Eigenfunction expansions have been introduced, and the most important sets of orthog-
onal functions summarized together with their intervals of definition, weight functions,
and orthogonality relationships. Mean-square convergence has been defined and the fun-
damental eigenfunction theorem stated, and the notion of completeness of systems of
orthogonal functions has been explained and related to the Parseval relation.

Appendix 1 (Proofs of Theorem 8.3)
The study of Sturm–Liouville problems is made more concise by the introduction
of the notion of a differential operator L defined as

L ≡ d
dx

[
p(x)

d
dx

]
+ q(x), (144)

with the understanding that if y is a suitably differentiable function,

L[y] ≡ d
dx

[
p(x)

d
dx

]
y(x) + q(x)y(x). (145)

Differential operators, of which L is a special case, have the property that when
they operate on a function y they produce another function L[y]. For example, if

L ≡ d
dx

[
x

d
dx

]
+ 2,

and y(x) = e−x, then

L[e−x] = d
dx

[
x

d[e−x]
dx

]
+ 2e−x = d

dx
[−xe−x] + 2e−x = (1 + x)e−x.

In terms of the differential operator L in (144), the Sturm–Liouville equation
(122) with eigenvalue λ and corresponding eigenfunction ϕ becomes

L[ϕ] + λrϕ = 0, (146)

where ϕ satisfies suitable boundary conditions.
The proof of the results of Theorem 8.3 that can be given here is simplified by

appeal to the following theorem, which is important in its own right.

THEOREM 8.6 One-dimensional form of Green’s theorem Let L be the linear operator

L ≡ d
dx

[
p(x)

d
dx

]
+ q(x),

and, let u, v be any two twice differentiable functions defined on the interval
a ≤ x ≤ b. Then,

(i) ∫ b

a
uL[v]dx = [p(x)u(x)v′(x)]b

a −
∫ b

a
pu′v′ dx +

∫ b

a
quvdx

and
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(ii) ∫ b

a
{uL[v] − vL[u]}dx = [p(x){u(x)v′(x) − v(x)u′(x)}]b

a,

called the Lagrange identity. Furthermore, if u and v satisfy the boundary
conditions

A1φ(a) + A2φ
′(a) = 0 and B1φ(b) + B2φ

′(b) = 0,

where φ may be either u or v, then
(iii) ∫ b

a
{uL[v] − vL[u]}dx = 0.

Proof Result (i) is the one-dimensional form of Green’s first theorem, and result
(ii) is the one-dimensional form of Green’s second theorem. The three-dimensional
forms of these theorems are derived in Chapter 12, Section 12.2. Result (iii) is the
consequence of Green’s second theorem when u and v satisfy the stated boundary
conditions at the ends of the interval a ≤ x ≤ b.

The proof proceeds as follows. Differentiation of the product u(pv′) gives

[u(pv′)]′ = u(pv′)′ + u′(pv′),
so

u(pv′)′ = [puv′]′ − pu′v′.

Recalling the definition of L, we can write

uL[v] = [puv′]′ − pu′v′ + quv,

so integrating over the interval a ≤ x ≤ b gives∫ b

a
uL[v]dx = [p(x)u(x)v′(x)]b

a −
∫ b

a
pu′v′dx +

∫ b

a
quvdx,

which is result (i).
Result (ii) follows if we interchange u and v in (i) and subtract the result from

(i) to obtain ∫ b

a
{uL[v] − vL[u]}dx = [p(x){u(x)v′(x) − v(x)u′(x)}]b

a .

Result (iii) follows from (ii) if we notice that, provided A2 �= 0, it follows from the
boundary conditions at x = a that

u′(a) = −(A1/A2)u(a) and v′(a) = −(A1/A2)v(a),
so

[p(uv′ − vu′)]x=a = −(A1/A2)p(a)u(a)v(a) + (A1/A2)p(a)u(a)v(a) = 0,

and a similar argument shows that, provided B2 �= 0,

[p(uv′ − vu′)]x=b = 0.
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Thus, [p(uv′ − vu′)]b
a = 0, reducing result (ii) to∫ b

a
{uL[v] − vL[u]}dx = 0,

which is result (iii).
Result (iii) is obviously true if the boundary conditions simplify to

φ(a) = 0 and φ(b) = 0 or to φ′(a) = 0 and φ′(b) = 0,

and the modification to the proof needed to show that the result remains true if A2

and/or B2 is zero is left as an exercise.

JOSEPH LOUIS LAGRANGE (1736–1813)
Lagrange was born in Turin of French extraction and after working in Berlin for twenty years
moved to Paris. His many fundamental contributions to mathematics have led to his being
regarded as one of the most outstanding mathematicians of his time. He made contributions to
algebra, calculus, differential equations, the calculus of variations, and also to mechanics.

We now prove the results in Theorem 8.3 that are straightforward, and refer
to the references at the end of the chapter for details of the way in which the more
complicated results can be established.

Property 1. The proof of this property is difficult and so will be omitted,
but Examples 8.18 to 8.21 illustrate the existence of an ordered sequence of
eigenvalues in specific cases.
Property 2. In a regular Sturm–Liouville problem suppose, if possible, that
ϕ and ψ are eigenfunctions corresponding to the single eigenvalue λ. Then
each of these functions satisfies the Sturm–Liouville equation, while ϕ and ψ

both satisfy the boundary conditions at x = a so that

A1ϕ(a) + A2ϕ
′(a) = 0 and A1ψ(a) + A2ψ

′(a) = 0.

This pair of equations can be considered to determine A1 and A2 in terms
of ϕ and ψ at x = a. The equations are homogeneous, so there can only be
a nontrivial solution for A1 and A2 if the determinant of coefficients W =
ϕ(a)ψ ′(a) − ϕ′(a)ψ(a) vanishes, but this determinant is the Wronskian of
the solutions and can only vanish if ϕ is proportional to ψ , so the result is
established.
Property 3. Letϕm andϕn be eigenfunctions corresponding to the two distinct
eigenvalues λm and λn of the Sturm–Liouville problem

L[y] + λry = 0

defined on a ≤ x ≤ b and satisfying homogeneous boundary conditions of the
type given in (127). Then it follows that

L[ϕm] + λmrϕm = 0 and L[ϕn] + λnrϕn = 0.

Multiplying the first equation by ϕn and the second by ϕm, subtracting the
results, and integrating over the interval a ≤ x ≤ b gives∫ b

a
{ϕmL[ϕn] − ϕnL[ϕm]}dx + (λn − λm)

∫ b

a
rϕmϕn dx = 0.
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The first integral vanishes because of the result of Theorem 8.4 (iii), so

(λn − λm)
∫ b

a
rϕmϕndx = 0.

The result now follows because λn �= λm.
Property 4. The proof is by contradiction. Suppose, if possible, that λ =
α + iβ is a complex eigenvalue associated with the complex eigenfunction
� = ϕ + iψ . Then as � and λ satisfy the Sturm–Liouville equation, we have

[p(ϕ + iψ)′]′ + [q + (α + iβ)r ](ϕ + iψ) = 0.

This can be written

[pϕ′]′ + qϕ + αϕr − βψr + i{[pψ ′]′ + qψ + βϕr + αψr} = 0.

For this to be true, both real and imaginary parts of the equation must
vanish, so

[pϕ′]′ + qϕ + αϕr − βψr = 0 and [pψ ′]′ + qψ + βϕr + αψr = 0.

Multiplying the second equation by i , subtracting it from the first equation,
and collecting terms gives

[p(ϕ − iψ)′]′ + [q + (α − iβ)r ](ϕ − iψ) = 0,

showing that � = ϕ − iψ is an eigenfunction and λ = α − iβ is an eigenvalue.
As � and � are linearly independent eigenfunctions, it follows from Theorem
8.3 (3) that ∫ b

a
r��dx =

∫ b

a
r(ϕ2 + ψ2)dx = 0,

but this is impossible because by hypothesis r(x) ≥ 0 and ϕ2 + ψ2 > 0. Con-
sequently the assumption that an eigenvalue can be complex is false.
Property 5. Let λn be an eigenvalue and ϕn be the corresponding eigenfunc-
tion of the Sturm–Liouville equation

L[ϕn] + λnrϕn = 0.

Multiplication of this equation by ϕn, followed by integration over the interval
a ≤ x ≤ b, gives ∫ b

a
ϕnL[ϕn]dx + λn

∫ b

a
rϕ2

ndx = 0.

An application of Theorem 8.4 (i) with u = v = ϕn then gives the result

λn = −[pϕnϕ
′
n]b

a + ∫ b
a p(ϕ′

n)2dx − ∫ b
a rϕ2

ndx∫ b
a rϕ2

ndx
.

Property 6. This follows directly from Property 5 when q(x) < 0 and the
condition [pϕnϕ

′
n]b

a ≤ 0 is satisfied.
Property 7. We offer no proof of this result, though as already remarked it
is well illustrated by graphs of the Legendre polynomials shown in Fig. 8.1.
Property 8. This follows directly from Property 5 when the stated condi-
tions are imposed, because increasing p(x) will increase the numerator while
leaving all other terms unchanged.



538 Chapter 8 Series Solutions of Differential Equations, Special Functions, and Sturm–Liouville Equations

Property 9. No proof of this result is offered because it follows from the
form of argument used to establish the upper bound property of the Rayleigh
quotient given in (128).

Appendix 2 (Norm of Jn(x))
The square of the norm of the Bessel function Jn( jn,r x/a) is the definite integral

‖Jn( jn,r x/a)‖2 =
∫ a

0
x[Jn( jn,r x/a)]2dx = 1

2
a2[Jn+1( jn,r )]2,

and so the norm is

‖Jn( jn,r x/a)‖ = 1√
2

a[Jn+1( jn,r )]. (147)

This result is most easily derived by considering the case a = 1, and then changing
variables to obtain the foregoing more general result. Accordingly, we consider the
two Bessel equations in Sturm–Liouville form,

[xu′]′ + (
j2
n,r x − n2/x

)
u = 0 and [xv′]′ + (k2x − n2/x)v = 0,

defined on the interval 0 ≤ x ≤ 1 with bounded solutions that satisfy the boundary
conditions u(1) = v(1) = 0. These equations have the respective solutions u(x) =
Jn( jn,r x) and v(x) = Jn(kx).

Multiplying the first equation by u, the second by v, subtracting the second
equation from the first, and integrating over the interval 0 ≤ x ≤ 1 gives, after using
Theorem 8.6 (ii) and the result u′(x) = jn,r J ′( jn,r x),∫ 1

0
x Jn( jn,r x)Jn(kx)dx = jn,r Jn(k)J ′

n( jn,r )
k2 − j2

n,r
.

We now write this result as∫ 1

0
x Jn( jn,r x)Jn(kx)dx =

(
jn,r

k + jn,r

)(
Jn(k) − Jn( jn,r )

k − jn,r

)
J ′

n( jn,r ),

where the subtraction of Jn( jn,r ) in the bracketed term in the numerator leaves the
result unchanged because Jn( jn,r ) = 0.

Taking the limit as k → jn,r , reduces this result to∫ 1

0
x[Jn( jn,r x)]2dx = 1

2
[J ′

n( jn,r )]2, r = 1, 2, . . . .

It is inconvenient to work with J ′
n( jn,r ), so we relate Jn to Jn+1 by using recurrence

relation (65)′:

x J ′
n(x) = nJn(x) − x Jn+1(x).

Setting x = jn,r causes this to simplify to J ′
n( jn,r ) = −Jn+1( jn,r ), and so∫ 1

0
x[Jn( jn,r x)]2dx = 1

2
[Jn+1( jn,r )]2.

The more general result follows by making the change of variable x = z/a and then
replacing z by x.
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EXERCISES 8.11

In Exercises 1 through 3 expand the given polynomials in
terms of Legendre polynomials.

1. 4x3 − 2x2 + 1.
2. 3x3 + x2 − 4x.

3. x4 + 3x2 + 2x.

4. Represent x2, x3, and x4 in terms of Legendre polyno-
mials.

In Exercises 5 through 8 find the first four terms of the
Fourier–Legendre expansions of the given functions. In
each case graph the four term approximation to f (x) and
compare it with the graph of f (x).

5. f (x) =
{

1, −1 ≤ x ≤ 0
x, 0 < x ≤ 1.

6. f (x) =
{

1 + x, −1 ≤ x ≤ 0
1 − x, 0 < x ≤ 1.

7. f (x) =
⎧⎨⎩

0, −1 ≤ x < −1/2
1, −1/2 < x < 1/2
1/2, 1/2 < x < 1.

8. f (x) =
{−2x, −1 ≤ x < 0

x, 0 ≤ x ≤ 1.

9. Find the first four terms in the Fourier–Legendre ex-
pansion of ex .

10. Find the first four terms in the Fourier–Legendre ex-
pansion of e−x .

In Exercises 11 through 13 expand the given polynomials in
terms of Chebyshev polynomials.

11. 3x4 − 4x2 − x.
12. 4x3 + x2 − 3x + 1.

13. 2x4 − x3 + x + 3.

14. Represent x2, x3, and x4 in terms of Chebyshev poly-
nomials.

In Exercises 15 and 16 find the first four terms in the Fourier–
Chebyshev expansion of the given function. In each case
graph the four term approximation to f (x) and compare it
with the graph of f (x).

15. f (x) =
{

2 + x, −1 < x < 0
3, 0 < x < 1.

16. f (x) =
{−1, −1 < x < 0

2x − 1, 0 < x < 1.
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CHAPTER 8

TECHNOLOGY PROJECTS

Project 1

The Asymptotic Formulas for Jn(x) and Yn(x)

The purpose of this project is to compare plots of the Bessel
functions Jn(x) and Yn(x) with the results obtained from the
asymptotic formulas

Jn(x)

√
2

πx
sin x

1
2

nπ + 1
4
π and

Yn(x)

√
2

πx
sin x

1
4
π(2n + 1) .

Make combined plots of Jn(

( )
( )

x) and its asymptotic
form, and Yn(x) and its asymptotic form for 0 � x �30
for different values of n to illustrate the speed with
which the asymptotic approximation tends to the
function itself.

Project 2

Chebyshev Approximation

The purpose of this project is to make Chebyshev polyno-
mial approximations of different orders to an asymmetric
function f (x) to illustrate the rapidity with which they con-
verge to f (x).

1. Let f (x) = sin(5x)(1 + x2)1/4 for 1 � x � 1.
Approximate f (x) in terms of the Chebyshev
polynomials Tn(x) by the function fN(x):

fN(x) =
N∑

n=0

anTn(x).

Find the coefficients an numerically and make
simultaneous plots of f (x) and fN(x) for N =
3, 5, and 7 to show the convergence of fN(x) to
f (x) as N increases.

2. Repeat the calculations with a discontinuous
function of your own choice and comment on
the behavior of the approximation at the point
of discontinuity in the cases when N = 5, 10, 15,
20, 25, and 30. Compare your observations with
the remarks about the occurrence of the Gibbs
phenomenon in Fourier series in Chapter 9.

Project 3

Legendre Approximation

The purpose of this project is to make Legendre polynomial
approximations of different orders to the function f (x) in
Project 2 to illustrate the rapidity with which they converge
to f (x).

1. Let f (x) = sin(5x)(1 + x2)1/4 for 1 � x � 1.
Approximate f (x) in terms of the Legendre
polynomials Pn(x) by the function fN(x):

fN(x) =
N∑

n=0

an Pn(x).

Find the coefficients an numerically and make
simultaneous plots of f (x) and fN(x) for N =
3, 5, and 7 to show the convergence of fN(x) to
f (x) as N increases.

2. Repeat the calculations with a discontinuous
function of your own choice and comment on
the behavior of the approximation at the point
of discontinuity for the cases N = 5, 10, 15, 20,
25, and 30. Compare your observations with the
remarks about the occurrence of the oscillatory
behavior of approximations near a finite jump
discontinuity described in Chapter 9 on Fourier
series, where the effect is called the Gibbs
phenomenon.

Project 4

Bessel Function Approximation

The purpose of this project is to make Bessel function ap-
proximations of different orders to a function f (x) over a
given interval to illustrate the rapidity with which they con-
verge to f (x).

1. Approximate f (x) = (1 + x3)sin x over the in-
terval 0 � x � π in terms of the Bessel function
J1(x) by the function fN(x)

fN(x) =
N∑

r=1

ar J1( j1,r x/π),

540
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where j1,r is the r th zero of J1(x) listed in
Table 8.1. Find the coefficients an numerically
and make simultaneous plots of f (x) and fN(x)
for N = 3, 5, and 7 to show the convergence of
fN(x) to f (x) as N increases.

2. Repeat the calculation with a continuous func-
tion f (x) of your own choice. When making the
series expansion in terms of the Bessel function
Jn(x), use the value n = 0 if f (0) �= 0 and n = 1
if f (0) = 0.

541
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9C H A P T E R

Fourier Series

When analyzing situations as diverse as electrical oscillations, vibrating mechanical
systems, longitudinal oscillations in crystals, and many other physical phenom-

ena, Fourier series are found to arise naturally. Furthermore, the individual terms in a
Fourier series often have an important physical interpretation. In a vibrating mechani-
cal system, for example, each component of a Fourier series representation of the over-
all vibration represents a fundamental mode of vibration. The full Fourier series shows
how each mode contributes to the solution, and which are the most significant modes.
This information can often be used to advantage, either by showing how the modes
can be utilized to achieve a desired effect, or by using the information to enable sys-
tems to be constructed that minimize undesirable vibrations. It is for these and other
reasons that it is necessary for engineers and physicists to study the properties of Fourier
series.

9.1 Introduction to Fourier Series

AFourier series representation of a function f (x) over the interval −π ≤ x ≤ π

is an expression of the form

f (x) = a0 +
∞∑

n=1

(an cos nx + bn sin nx)

= a0 + a1 cos x + b1 sin x + a2 cos 2x + b2 sin 2x + · · · , (1)

where the coefficients a0, a1, . . . , b1, b2, . . . are determined by the function f (x).
It is important to notice that the Fourier series representation of f (x) contains

two infinite sums, one of even functions (the cosines) and the other of odd functions
(the sines). It will be recalled that a function f (x) defined in the interval −L ≤ x ≤ L
is said to be an even function in the interval ifeven and odd function

f (−x) = f (x), (2)

545



546 Chapter 9 Fourier Series

and to be an odd function in the interval if

f (−x) = − f (x). (3)

The cosine function is an even function because cos(−x) = cos x in agreement
with the definition in (2). As this is true for all x, the function cos x is an even function
for −∞ < x < ∞. Similarly, sin x is an odd function because sin(−x) = − sin x in
agreement with the definition in (3). This also is true for all x, so the function sin x
is an odd function for −∞ < x < ∞.

Most functions are neither even nor odd, but any function in an interval −L ≤
x ≤ Lcan be expressed as the sum of an even function and an odd function defined
over the interval. To see why this is, let f (x) be an arbitrary function defined over
the interval −L ≤ x ≤ L, and write it in the form

f (x) = 1
2

( f (x) + f (−x)) + 1
2

( f (x) − f (−x)) for −L ≤ x ≤ L. (4)

Then the function

h(x) = 1
2

( f (x) + f (−x)) (5)

is seen to be an even function, because h(−x) = h(x), whereas the function

g(x) = 1
2

( f (x) − f (−x)) (6)

is seen to be an odd function, because g(−x) = −g(x), so the assertion is proved.

EXAMPLE 9.1 Classify the following functions as even, odd, or neither.

(a) cosh x. (b) sinh x. (c) x2 + sin x. (d) 1 + x2 + 3x4.

Solution (a) As cosh(−x) = cosh x for all x, the function cosh x is an even func-
tion for all x. (b) As sinh(−x) = − sinh x for all x, the function sinh x is an odd
function for all x. (c) (−x)2 = x2, so x2 is an even function for all x, while sin x is an
odd function for all x, so the function x2 + sin x is neither even nor odd. In this case
the function x2 + sin x is already expressed as the sum of an even function and an odd
function. (d) Set f (x) = 1 + x2 + 3x4. Then f (−x) = 1 + (−x)2 + (−x)4 = f (x), so
f (x) is an even function. This result can be obtained by a different form of argu-
ment as follows. A constant does not change when the sign of x is changed, so all
constants are even functions and, in particular, 1 is an even function. The function
x2 has already been shown to be an even function, and the function 3x4 is an even
function because 3(−x)4 = 3x4. Thus, as the function 1 + x2 + 3x4 is a sum of three
even functions, it must be an even function.

deriving formulas
for an and bn

To arrive at a formula for the an in (1) corresponding to a given function f (x),
result (1) is first multiplied term by term by cos nx to obtain

f (x) cos nx = a0 cos nx + a1 cos x cos nx + a2 cos 2x cos nx + a3 cos 3x cos nx

+ · · · + an−1 cos(n − 1)x cos nx + an cos2 nx

+ an+1 cos(n + 1)x cos nx + · · · + b1 sin x cos nx

+ b2 sin 2x cos nx + · · · .
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Integrating this result over the interval −π ≤ x ≤ π gives∫ π

−π

f (x) cos nxdx = a0

∫ π

−π

cos nxdx + a1

∫ π

−π

cos x cos nxdx

+ a2

∫ π

−π

cos 2x cos nxdx + a3

∫ π

−π

cos 3x cos nxdx + · · ·

+ an−1

∫ π

−π

cos(n − 1)x cos nxdx + an

∫ π

−π

cos2 nxdx

+ an+1

∫ π

−π

cos(n + 1)x cos nxdx + · · · + b1

∫ π

−π

sin x cos nxdx

+ b2

∫ π

−π

sin 2x cos nxdx + · · · .

The orthogonality properties of the sine and cosine functions listed in entry
1 of the summary of main sets of orthogonal functions in Section 8.11 shows that
all integrals on the right with the exception of the one with the integrand cos2 nx
vanish, giving rise to the result∫ π

−π

f (x) cos nxdx = an

∫ π

−π

cos2 nxdx.

However,
∫ π

−π
cos2 nxdx = π , for n �= 0 and

∫ π

−π
1.dx = 2π , so

a0 = 1
2π

∫ π

−π

f (x)dx and an = 1
π

∫ π

−π

f (x) cos nxdx, for n = 1, 2, . . . .

A similar argument involving the multiplication of the Fourier series (1) by
sin nx followed by integration over the interval −π ≤ x ≤ π and use of the orthog-
onality properties of sin nx shows the coefficients bn are given by

bn = 1
π

∫ π

−π

f (x) sin nxdx, for n = 1, 2, . . . .

the Euler formulas
These results are the Euler formulas for the Fourier coefficients an and bn, and

for future reference they are now listed, together with the associated Fourier series
representation of f (x).

Fourier series representation of f (x) over the interval −π ≤ x ≤ π

Let the function f (x) be defined on the interval −π ≤ x ≤ π . Then the Fourier
coefficients an and bn in the Fourier series representation of f (x)

the Fourier series
representation

f (x) = a0 +
∞∑

n=1

(an cos nx + bn sin nx) (7)

are given by the Euler formulas

a0 = 1
2π

∫ π

−π

f (x)dx, an = 1
π

∫ π

−π

f (x) cos nxdx,

bn = 1
π

∫ π

−π

f (x) sin nxdx, . . . for n = 1, 2, . . . .
(8)
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The arguments used to derive the Euler formulas in (8) are not rigorous, because
the term by term integration needs to be justified and the convergence of the Fourier
series representation of f (x) to the function f (x) itself has not been examined, so
the use of an equality sign in (1) and (7) must be questioned.

JEAN BAPTISTE JOSEPH (BARON) FOURIER (1768–1830)
A remarkable French physicist who was also an outstanding mathematician. He was orphaned
at eight, and educated in a military school run by the Benedictines who then gave him a
lectureship in mathematics. He later moved to a chair at the Ecole Polytechnique in Paris, and
later to Grenoble where he was appointed Prefect by Napoleon. His experiments on heat
conduction while in Grenoble, suggested by Newton’s Law of Cooling, led him to propose his
law of heat conduction (Fourier’s Law) and to the publication of his most important Theorie
Analytique de la Chaleur in which he introduced the representation of arbitrary function over an
interval in terms of trigonometric functions, now called Fourier series. He was created a Baron by
Napoleon in 1808.

In fact, the preceding approach can be fully justified for all functions f (x) that
arise in practical situations, and we will see later that the equality sign can be used
wherever f (x) is continuous, whereas at points where f (x) experiences a finite
jump discontinuity the value assumed by the Fourier series representation is the
average of the values to the immediate left and right of the jump. It is for these
reasons that in more advanced accounts the equality sign in (7) is replaced by a
tilde ∼, because this indicates that a relationship exists between a function f (x)
and its Fourier series representation without indicating that it is necessarily a strict
equality. When this notation is used, the connection between f (x) and its Fourier
series is shown by writing

f (x) ∼ a0 +
∞∑

n=1

(an cos nx + bn sin nx). (9)

fundamental interval,
periodicity, and
periodic extension

The interval of integration −π ≤ x ≤ π used when deriving the Euler formulas
is called the fundamental interval of the Fourier series, and the Fourier coefficients
will always be defined provided the integral

∫ π

−π
f (x)dx exists. Although Fourier

series comprise only even and odd functions, results (4) to (6) allow a Fourier series
to represent arbitrary functions that are neither even nor odd.

A Taylor series expansion of a function f (x) about a point x0 requires the
function to be repeatedly differentiable at x0. However, the coefficients of a Fourier
series are defined in terms of definite integrals that are still defined when f (x) has
finite jump discontinuities in the fundamental interval, so the Euler formulas still
remain valid when f (x) is discontinuous. It is this property of a definite integral
that makes a Fourier series representation of a function more general than a Taylor
series expansion.

The properties of Fourier series reflect the periodicity of the sine and cosine
functions used in the expansion, where the period of a periodic function is defined
as follows. A function g(x) is said to be periodic with period T if

g(x + T) = g(x) (10)

for all x, and T is the smallest value for which (10) is true. A periodic function
g(x) may either be continuous or discontinuous, and an example of a continuous
periodic function with period T is shown in Fig. 9.1.
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T

g

x

T

0

FIGURE 9.1 A continuous periodic function
g(x) with period T.

The functions 1, cos nx, and sin nx in the Fourier series representation (7) of
f (x) are all periodic with period 2π , so the Fourier series representation of f (x)
defined on the interval −π < x < π is also periodic with period 2π . It does not
necessarily follow that outside the fundamental interval the function f (x) coincides
with its Fourier series representation, because the behavior of f (x) outside the
fundamental interval does not enter into the Euler formulas. Each representation of
f (x) in an interval of the form (2n − 1)π < x < (2n + 1)π , with n = 0, ±1, ±2, . . . ,
is called a periodic extension of the fundamental interval for f (x).

In Chapter 8, Example 8.22, the discontinuous rectangular pulse function

f (x) =
⎧⎨⎩

0, −π < x < −π/2
1, −π/2 < x < π/2
0, π/2 < x < π

was shown to be represented by the Fourier series

f (x) = 1
2

+ 2
π

[
cos x − cos 3x

3
+ cos 5x

5
− cos 7x

7
+ · · ·

]
for all x . (11)

If this function f (x) is defined for all x by the periodicity condition f (x + 2π) =
f (x), its graph takes the form shown in Fig. 9.2. Figure 9.3 shows the graph of the
first five terms of the Fourier series representation (11) in the fundamental interval.

This simple example emphasizes two important issues that always arise when
working with Fourier series representations of functions:

1. The need to interpret the equality sign in (7) at any point x = x0 in the fun-
damental interval where f (x) is discontinuous.

2. The fact that the Fourier series of a function and the periodic extensions of
the function will only coincide when the function f (x) is itself periodic with
a period equal to the fundamental interval.

−π −π/2 π/2 π 3π/2 5π/2 3π x0

1

−3π/2−5π/2−3π

Periodic extensionFundamental intervalPeriodic extension

f(x)

FIGURE 9.2 The periodic rectangular pulse function f (x).
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−3 −1 −0.2

0.2
0.4
0.6
0.8

1 3 x

f

2−2

1

FIGURE 9.3 Graph of the first five terms of the
Fourier series of f (x).

An example of the difference that can arise between the behavior of a nonpe-
riodic function f (x) and its periodic extensions is illustrated in Fig. 9.4 in the case
of the function

f (x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1/2, x < −π

0, −π < x < −π/2
1, −π/2 < x < π/2
0, π/2 < x < π

1/4, x > π.

The periodic extensions of f (x) in its fundamental interval −π ≤ x ≤ π shown as
dashed lines are, of course, the same as those in Fig. 9.2, though in this case the
behavior of f (x) outside the fundamental interval is entirely different.

EXAMPLE 9.2 Find the Fourier series representation of

some illustrative
examples f (x) =

⎧⎨⎩
sin 2x, −π < x < −π/2
0, −π/2 ≤ x ≤ 0
sin 2x, 0 < x ≤ π.

Solution The function f (x) is continuous over the fundamental interval −π ≤ x ≤
π , but it is defined in piecewise manner, so the Fourier coefficients must be deter-
mined by integrating the Euler equations (8) in a corresponding manner. We have

a0 = 1
2π

∫ π

−π

f (x)dx = 1
2π

∫ −π/2

−π

sin 2xdx + 1
2π

∫ π

0
sin 2xdx

= 1
2π

[−(1/2) cos 2x]−π/2
−π + 1

2π
[−(1/2) cos 2x]π0 = 1

2π
+ 0 = 1

2π
.

−π π 3π x

1

0−3π

Periodic extensionFundamental intervalPeriodic extension

1/2
1/4

f(x)
Periodic extension of f(x)

FIGURE 9.4 A nonperiodic function defined for all x, and the periodic extensions of the
function in its fundamental interval.
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Similarly,

an = 1
π

∫ π

−π

f (x) cos nxdx = 1
π

∫ −π/2

−π

sin 2x cos nxdx + 1
π

∫ π

0
sin 2x cos nxdx

= −2
π

[
cos nπ + cos(nπ/2)

n2 − 4

]−π/2

−π

+ 2
π

[
cos nπ − 1

n2 − 4

]π

0
, for n �= 2

= −2[1 + cos(nπ/2)]
π(n2 − 4)

, for n �= 2.

As the denominator in the expression for an is zero when n = 2, in order to find a2

it is necessary to return to the Euler formula for an and set n = 2 before integrating,
when we obtain

a2 = 1
π

∫ −π/2

−π

sin 2x cos 2xdx + 1
π

∫ π

0
sin 2x cos 2xdx = 0 + 0 = 0.

The Euler formula for bn becomes

bn = 1
π

∫ π

−π

f (x) sin nxdx = 1
π

∫ −π/2

−π

sin 2x sin nxdx + 1
π

∫ π

0
sin 2x sin nxdx

= 1
2π

[
sin(n − 2)x

n − 2
− sin(n + 2)x

n + 2

]−π/2

−π

+ 1
2π

[
sin(n − 2)x

n − 2
− sin(n + 2)x

n + 2

]π

0

= 2
π

sin(nπ/2)
(n2 − 4)

, for n �= 2.

As the denominator in the expression for bn is zero for n = 2, to find b2 we must
set n = 2 in the Euler formula for b2 before integrating, as a result of which we find
that

b2 = 1
π

∫ −π/2

−π

sin2 2xdx + 1
π

∫ π

0
sin2 2xdx

= 1
4π

[2x − sin 2x cos 2x]−π/2
−π + 1

4π
[2x − sin 2x cos 2x]π0

= 1
4

+ 1
2

= 3
4
.

Combining the preceding results shows the first few Fourier coefficients to be

a0 = 1
2π

, a1 = 2
3π

, a2 = 0, a3 = − 2
5π

, a4 = − 1
3π

, a5 = − 2
21π

,

b1 = − 2
3π

, b2 = 3
4
, b3 = − 2

5π
, b4 = 0, b5 = 2

21π
, · · · .

When these coefficients are used, the first few terms of the Fourier series for f (x)
are seen to be

f (x) = 1
2π

+ 1
π

(
2
3

cos x − 2
5

cos 3x − 1
3

cos 4x − 2
21

cos 5x + · · ·
)

+ 1
π

(
−2

3
sin x + 3π

4
sin 2x − 2

5
sin 3x + 2

21
sin 5x + · · ·

)
.
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1

0.5

−0.5

−1

1 2 x

f

3

FIGURE 9.5 Fourier series approximation for
f (x).

This example illustrates how when a sine function (or a cosine function) with an
argument mx with m an integer occurs in a piecewise defined function, its Fourier
coefficients am and bm must be found from the Euler formulas with n set equal to
m before integration. Figure 9.5 shows a graph of this Fourier series approximation
to f (x) up to and including the terms in cos 5x and sin 5x.

It is useful to have a special name for finite approximations to Fourier series
such as the one used to construct the graph in Fig. 9.5. Because of this it is usual to
call the approximation

SN(x) = a0 +
N∑

n=1

(an cos nx + bn sin nx) (12)

Nth partial sum to the full Fourier series in (7) the Nth partial sum of the Fourier series. Thus, the
graph in Fig. 9.5 shows the fifth partial sum S5(x) of the function f (x) defined in Ex-
ample 9.2. The Fourier series in (7) is related to its Nth partial sum Sn(x) by the limit

f (x) = a0 +
∞∑

n=0

(an cos nx + bn sin nx) = lim
N→∞

SN(x). (13)

Not every function has a Fourier series involving an infinite number of terms,
as can be seen by considering the function f (x) = 1 + 2 sin x cos x. When this is
rewritten as f (x) = 1 + sin 2x, it is recognized that it is, in fact, its own Fourier series.

There is nothing special about the choice of −π ≤ x ≤ π as a fundamental
interval, and it is often necessary to take the fundamental interval to be −L ≤ x ≤ L.
Results (7) and (8) generalize immediately once it is recognized that the set of
functions

1, cos
πx
L

, cos
2πx

L
, cos

3πx
L

, . . . , sin
πx
L

, sin
2πx

L
, sin

3πx
L

, . . .

form an orthogonal set over the interval −L ≤ x ≤ L. This can be seen by using
routine integration to show that∫ L

−L
sin

mπx
L

cos
nπx

L
dx = 0 for all integers m and n, (14)

∫ L

−L
sin

mπx
L

sin
nπx

L
dx =

{
0 for m �= n
L for m = n

for all integers m and n, (15)
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and∫ L

−L
cos

mπx
L

cos
nπx

L
dx =

⎧⎪⎨⎪⎩
0 for m �= n
L for m = n �= 0
2L for m = n = 0.

for all integers m and n

(16)

The Fourier series of a function f (x) defined on the interval −L ≤ x ≤ L
becomes

f (x) = a0 +
∞∑

n=1

(
an cos

nπx
L

+ bn sin
nπx

L

)
, (17)

and the corresponding Euler formulas for the an and bn follow as before. The
coefficients an are obtained by multiplying (17) by cos nπx

L and integrating over
the interval −L ≤ x ≤ L, while the bn follow by multiplying (17) by sin nπx

L and
integrating over the same interval. The result is as follows, though the details are
left as an exercise.

Fourier series representation of f (x) over the interval −L ≤ x ≤ L

Let the function f (x) be defined on the interval −L ≤ x ≤ L. Then the FourierFourier series over
−L ≤ x ≤ L coefficients an and bn in the Fourier series representation of f (x)

f (x) = a0 +
∞∑

n=1

(
an cos

nπx
L

+ bn sin
nπx

L

)
(18)

are given by the Euler formulas

a0 = 1
2L

∫ L

−L
f (x)dx, an = 1

L

∫ L

−L
f (x) cos

nπx
L

dx,

bn = 1
L

∫ L

−L
f (x) sin

nπx
L

dx, for n = 1, 2, . . . .

(19)

EXAMPLE 9.3 Find the Fourier series representation of f (x) = x + 1 for −1 ≤ x ≤ 1.

Solution In this case L = 1, so using integration by parts we find that

a0 = 1
2

∫ 1

−1
(x + 1)dx = 1, an =

∫ 1

−1
(x + 1) cos nπxdx = cos nπx

n2π2
+ x sin nπx

nπ

+ sin nπx
nπ

]1

−1
= 0

and

bn =
∫ 1

−1
(x + 1) sin nπxdx = sin nπx

n2π2
− x cos nπx

nπ
− cos nπx

nπ

]1

−1
= 2(−1)n+1

nπ
,
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FIGURE 9.6 The partial sum approximation
S10(x).

for n = 1, 2, . . . , where we have used the fact that sin nπ = 0 and cos nπ = (−1)n

for n a positive integer. Substituting these coefficients into (18) shows the required
Fourier series representation to be

f (x) = 1 + 2
π

∞∑
n=1

(−1)n+1

n
sin nπx, for −1 ≤ x ≤ 1.

A graph of the partial sum approximation S10(x) to f (x) is shown in Fig. 9.6.

As cosines are even functions and sines are odd functions, it is to be expected
that a Fourier series representation of an even function will only contain cosine
terms, whereas a Fourier series representation of an odd function will only contain
sine functions. These properties form the basis of the following result that simplifies
the task of finding Fourier series representations of even and odd functions.

Fourier series of even and odd functions

If f (x) is an even function defined on the interval −L ≤ x ≤ L, then

expanding even and
odd functions

f (x) = a0 +
∞∑

n=1

an cos
nπx

L
, with a0 = 1

L

∫ L

0
f (x)dx,

an = 2
L

∫ L

0
f (x) cos

nπx
L

dx

for n = 1, 2, . . . ; if f (x) is an odd function, then

f (x) =
∞∑

n=1

bn sin
nπx

L
, with bn = 2

L

∫ L

0
f (x) sin

nπx
L

dx,

for n = 1, 2, . . . ,

The justification of these results is as follows. To find the form taken by the Fourier
coefficients an of an even function, and why its Fourier coefficients bn vanish, we
will consider an even function f (x) defined over the interval −L ≤ x ≤ L.
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By definition,

a0 = 1
2L

∫ L

−L
f (x)dx = 1

2L

∫ 0

−L
f (x)dx + 1

2L

∫ L

0
f (x)dx.

Setting x = −u in the first integral on the right gives

1
2L

∫ 0

−L
f (x)dx = − 1

2L

∫ 0

L
f (−u)du.

As f is an even function, f (−u) = f (u), so using this result, changing the sign of
the integral by interchanging its limits, and then replacing the dummy variable u by
x gives

1
2L

∫ 0

−L
f (x)dx = 1

2L

∫ L

0
f (x)dx.

When this is combined with the original expression for a0 we find that

a0 = 1
L

∫ L

0
f (x)dx,

and a strictly analogous argument shows that

an = 2
L

∫ L

0
f (x) cos nπxdx for n = 1, 2, . . . .

The Fourier coefficients bn are given by

bn = 1
L

∫ L

−L
f (x) sin

nπx
L

dx = 1
L

∫ 0

−L
f (x) sin

nπx
L

dx + 1
L

∫ L

0
f (x) sin

nπx
L

dx.

Setting x = −u in the integral taken over the interval −L ≤ x ≤ 0 gives

1
L

∫ 0

−L
f (x) sin

nπx
L

dx = − 1
L

∫ 0

L
f (−u) sin

(
−nπu

L

)
du.

We now use the fact that f is an even function, so f (−u) = f (u), together with
the fact that the sine function is an odd function. Reversal of the limits coupled with
changing the sign and replacing u by x gives

1
L

∫ 0

−L
f (x) sin

nπx
L

dx = − 1
L

∫ L

0
f (x) sin

nπx
L

dx.

Finally, using this result in the original expression for bn gives

bn = 1
L

∫ L

0
f (x) sin

nπx
L

dx − 1
L

∫ L

0
f (x) sin

nπx
L

dx = 0 for n = 1, 2, . . . ,

and the result is proved.
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f(x) = ⎢x⎥
L

−L L 2L 3L x−2L−3L 0

f(x)

FIGURE 9.7 The function f (x) = |x| in
−L ≤ x ≤ L and two periodic extensions.

A similar argument shows that if f (x) is an odd function over −L ≤ x ≤ L,
then

an = 0 for n = 0, 1, 2, . . . ,

and

bn = 2
L

∫ L

0
f (x) sin

nπx
L

dx for n = 1, 2, . . . ,

and the results have been established.

EXAMPLE 9.4 Find the Fourier series representation of f (x) = |x| in the interval −L ≤ x ≤ L.

Solution The graph of this even function, together with two of its periodic exten-
sions outside the fundamental interval −L ≤ x ≤ L, is shown in Fig. 9.7.

The Euler formula for the coefficients an of the even function |x| defined as

|x| =
{−x for < 0

x for x ≥ 0

gives

a0 = 1
L

∫ L

0
xdx = L

2

and

an = 2
L

∫ L

0
x cos

nπx
L

dx = 2
L

⎡⎢⎣L2 cos
nπx

L
n2π2

+
Lnπx sin

nπx
L

n2π2

⎤⎥⎦
L

0

, for n = 1, 2, . . . .

a convenient
representation
of cos nπ

If we use the fact that sin nπ = 0 and cos nπ = (−1)n when n is a positive integer,
it then follows that

an = 2L
n2π2

[(−1)n − 1] for n = 1, 2, . . . ,

and so

an = − 4L
n2π2

when n is odd

and

an = 0 when n �= 0, is even.
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f(x) = x
2

−2

−2 2 4 6 x−4−6 0

f(x)

FIGURE 9.8 The function f (x) = x in
−2 ≤ x ≤ 2 and two periodic extensions.

Thus, the Fourier series representation of f (x) = |x| for −L ≤ x ≤ L is

f (x) = L
2

− 4L
π2

⎛⎜⎜⎝cos
π x
L

12
+

cos
3πx

L
32

+
cos

5πx
L

52
+ · · ·

⎞⎟⎟⎠ .

The sequence of positive odd numbers can be written in the form 2n − 1 with
n = 1, 2, . . . , so this last result can be expressed more concisely as

f (x) = L
2

− 4L
π2

∞∑
n=1

cos
(

(2n − 1)πx
L

)
(2n − 1)2

for −L ≤ x ≤ L.

EXAMPLE 9.5 Find the Fourier series representation of f (x) = x on the interval −2 ≤ x ≤ 2.

Solution A graph of f (x) and two of its periodic extensions outside the funda-
mental interval −2 ≤ x ≤ 2 is shown in Fig. 9.8.

Using the fact that L = 2, a straightforward calculation gives

bn = 1
2

∫ 2

−2
x sin

nπx
2

dx = 2
n2π2

[
sin

nπx
2

− 1
2

nπx cos
nπx

2

]2

−2

= −4 cos nπ

nπ
= 4(−1)n+1

nπ
,

and as the function is odd all the coefficients an = 0.
The required Fourier series representation is thus

f (x) = 4
π

⎛⎜⎝ sin
πx
2

1
− sin πx

2
+

sin
3πx

2
3

− · · ·

⎞⎟⎠ ,

which can be written in the more concise form

f (x) = 4
π

∞∑
n=1

(−1)n+1

n
sin

nπx
2

for −2 ≤ x ≤ 2.
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Summary Fourier series have been defined over more general intervals than −π ≤ x ≤ π and
the notion of a periodic extension has been introduced. Attention has been drawn to
the behavior of a Fourier series representation at a point of discontinuity of f (x), and the
expansion of even and odd functions has been considered.

EXERCISES 9.1

Find the period of each of the functions in Exercises 1
through 6.

1. cos x + sin 2x.
3. sin x cos x.

5. 3 sin
x
3

+ cos
x
2

.

2. 2 sin 2x − 3 cos
x
3

.

4. cos 2x sin x.
6. cos

x
3

+ 5 sin
x
4

.

In Exercises 7 through 10 (a) sketch the given function in
the interval −3a < x < 3a, and (b) in the intervals −3a <

x < −a and a < x < 3a, and state whether the function is
periodic.

7. f (x) =
{

0, x < a/2
1, x > a/2.

8. f (x) =
⎧⎨⎩

−1, −a < x < 0
f (x + 2a) = f (x).

2, 0 < x < a,

9. f (x) = a − |x|.
10. f (x) = | sin πx/a|.
In Exercises 11 and 12 make use of the trigonomet-
ric identities sin(A± B) = sin Acos B ± cos Asin B and
cos(A± B) = cos Acos B + sin Asin B to transform the
given functions into their (finite) Fourier series.

11. (a) sin x cos x. (b) 1 − 2 sin2 x. (c) sin 3x cos x.
12. (a) 4 cos 2x cos 5x. (b) sin x sin 2x. (c) cos2 2x − 1/2.

Verify the following definite integrals that were used when
developing a Fourier series representation over the interval
−L < x < L.

13.
∫ L

−L
sin

mπx
L

cos
nπx

L
dx = 0 for all integers m and n.

14.
∫ L

−L
sin

mπx
L

sin
nπx

L
dx =

⎧⎨⎩
0 for m �= n
L for m = n,

with m, n integers.

15.
∫ L

−L
cos

mπx
L

cos
nπx

L
dx

=
⎧⎨⎩

0 for m �= n
L for m = n �= 0
2L for m = n = 0 for all integers m and n.

16. Prove that the product of two even functions and of two
odd functions is an even function, and that the product
of an even and an odd function is an odd function.

17. Prove that the sum of two even functions is an even
function and the sum of two odd functions is an odd
function.

18. Prove that if f (x) is an odd function all the Fourier
coefficients an = 0.

19. Evaluate the following integrals that arise when find-
ing the Fourier series expansion of x over the interval
−L < x < L.

(a)
∫ L

−L
x sin

πx
L

dx. (b)
∫ L

−L
x sin

2πx
L

dx.

(c)
∫ L

−L
x sin

3πx
L

dx.

20. Evaluate the following integrals that arise when find-
ing the Fourier series expansion of x2 over the interval
−L < x < L.

(a)
∫ L

−L
x2 sin

πx
L

dx. (b)
∫ L

−L
x2 sin

2πx
L

dx.

(c)
∫ L

−L
x2 sin

3πx
L

dx.

The integrals in Exercises 21 and 22 arise when finding the
Fourier series expansion of eax over the interval −L < x <

L. Use the result cos nπ = (−1)n for integral values of n to
establish the stated result.

21.
∫ π

−π

eax sin nxdx = (−1)n+1 n(eaπ − e−aπ )
(a2 + n2)

for integral

values of n.

22.
∫ π

−π

eax cos nxdx = (−1)n a(eaπ − e−aπ )
(a2 + n2)

for integral

values of n.

In Exercises 23 through 35 find the Fourier series represen-
tation of the given function over the indicated fundamental
interval and use a computer to plot the indicated partial sum
Sn(x) over the fundamental interval.

23. f (x) =
{

a, −π < x < 0
b, 0 < x < π. Plot S10(x) for a = 3, b = 1.

24. f (x) =
{

x + 1, −1 < x < 0
x − 1, 0 < x < 1. Plot S10(x).

25. f (x) = 1 − |x|, −1 < x < 1. Plot S10(x).
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26. f (x) =
{

0, −2 < x < 0
x, 0 ≤ x < 2. Plot S8(x).

27. f (x) = | sin x|, −π ≤ x ≤ π (a fully rectified sine wave).
Plot S10(x).

28. f (x) =
{

ax, −π < x ≤ 0
bx, 0 ≤ x < π. Plot S8(x) for a = 1, b = 3.

29. f (x) =
{

0, −π ≤ x ≤ 0
sin x, 0 ≤ x ≤ π. Plot S8(x).

30. f (x) = x2, −π ≤ x ≤ π . Plot S8(x).

31. f (x) = x2, −2π ≤ x ≤ 2π . Plot S10(x).
32. f (x) = sin ax, −π ≤ x ≤ π with a not an integer. Plot

S10(x) for a = 0.7.
33. f (x) = cos ax, −π ≤ x ≤ π with a not an integer. Plot

S10(x) for a = 0.7.
34. f (x) = eax, −π ≤ x ≤ π . Plot S7(x) for a = 0.7.

35. f (x) =
⎧⎨⎩

0, −2π ≤ x < −π

sin x, −π ≤ x ≤ π

0, π ≤ x ≤ 2π. Plot S8(x).

9.2 Convergence of Fourier Series and Their
Integration and Differentiation

The general theory of the convergence of Fourier series is complicated and still
incomplete in some respects. Consequently, we will only derive some useful results
that can be obtained in a straightforward manner, and then state without proof
a convergence theorem due to the German mathematician P. G. L. Dirichlet
(1805–1859) that is sufficient for all practical applications of Fourier series.

Let us consider the nth partial sum

Sn(x) = a0 +
n∑

r=1

(ar cos r x + br sin r x), (20)

of the Fourier series for f (x) in (7) defined over the interval −π ≤ x ≤ π . Then,
provided the integral

∫ π

−π
[ f (x)]2dx exists and is finite, we have the obvious result∫ π

−π

[ f (x) − Sn(x)]2dx =
∫ π

−π

[ f (x)]2dx − 2
∫ π

−π

f (x)Sn(x)dx +
∫ π

−π

[Sn(x)]2dx.

(21)

From the definition of Sn(x) in (20), it follows that∫ π

−π

[Sn(x)]2dx =
∫ π

−π

[
a0 +

n∑
r=1

(ar cos r x + br sin r x)

]2

dx,

but the orthogonality of the sine and cosine functions reduces this to∫ π

−π

[Sn(x)]2dx =
∫ π

−π

a2
0dx +

n∑
r=1

[
a2

r

∫ π

−π

cos2 r xdx
]

+
n∑

r=1

[
b2

r

∫ π

−π

sin2 r xdx
]

= π

[
2a2

0 +
n∑

r=1

(
a2

r + b2
r

)]
. (22)

If f (x) is replaced by its Fourier series, a similar argument shows that∫ π

−π

f (x)Sn(x)dx = π

[
2a2

0 +
n∑

r=1

(
a2

r + b2
r

)]
, (23)

so combining (21) to (23) gives∫ π

−π

[ f (x) − Sn(x)]2dx =
∫ π

−π

[ f (x)]2dx − π

[
2a2

0 +
n∑

r=1

(
a2

r + b2
r

)]
. (24)
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The integral on the left of (24) is nonnegative, because its integrand is a squared
quantity, so it follows at once that for all n

2a2
0 +

n∑
r=1

(
a2

r + b2
r

) ≤ 1
π

∫ π

−π

[ f (x)]2dx,

so letting n → ∞ we arrive at the inequality

2a2
0 +

∞∑
r=1

(
a2

r + b2
r

) ≤ 1
π

∫ π

−π

[ f (x)]2dx. (25)

Bessel’s inequality This is Bessel’s inequality for Fourier series, and the restriction to functions
f (x) such that

∫ π

−π
[ f (x)]2dx exists and is finite implies that the series

2a2
0 +

∞∑
r=1

(
a2

r + b2
r

)
is convergent, so the coefficients in the associated Fourier series (7) must be such
that

lim
n→∞ an = 0 and lim

n→∞ bn = 0. (26)

the fundamental
Riemann–Lebesgue
lemma

This important result on the behavior of Fourier coefficients as n → ∞ is called the
Riemann–Lebesgue lemma, though its rigorous proof proceeds differently.

It is also a consequence of (24) that if the nth partial sum Sn(x) converges to
f (x) in the sense that

lim
n→∞

∫ π

−π

[ f (x) − Sn(x)]2dx = 0,

which is true for all functions f (x) encountered in applications, then

2a2
0 +

∞∑
r=1

(
a2

r + b2
r

) = 1
π

∫ π

−π

[ f (x)]2dx. (27)

This is the Parseval relation for Fourier series.Parseval relation

EXAMPLE 9.6 Apply the Parseval relation to the Fourier series of f (x) = |x| defined over the
interval −π ≤ x ≤ π .

Solution It follows from Example 9.4 with L = π that the Fourier series repre-
sentation of f (x) = |x| over the interval −π ≤ x ≤ π is

f (x) = π

2
− 4

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

,

so that

a0 = π

2
, a2n−1 = − 4

π(2n − 1)2
, and a2n = 0 for n = 1, 2, . . . .

We have ∫ π

−π

[ f (x)]2dx =
∫ π

−π

x2dx = 2π3

3
,
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so as the integral is finite, provided Sn(x) converges in the norm to f (x), it follows
from the Parseval relation in (27) that

1
π

(
2π3

3

)
= 2

π2

4
+ 16

π2

∞∑
n=1

1
(2n − 1)4

.

After simplification this reduces to the well-known result

π4

96
=

∞∑
n=1

1
(2n − 1)4

= 1
14

+ 1
34

+ 1
54

+ 1
74

+ · · · .

The justification for applying the Parseval relation in this case is provided by
the following theorem. It can be confirmed by summing a large number of terms
and comparing the result with the known value of π4/96. For example, using n =
100 leads to the result π4/96 ≈ 1.01467801, while a direct calculation shows that
π4/96 = 1.01467803, so the two results agree to seven decimal places.

THEOREM 9.1 Convergence of Fourier series Let f (x) be continuous over the interval −L < x <

Lexcept possibly at a finite number of internal points x1, x2, . . . , at each point xn of
which the function has a finite jump discontinuity f (xn+) − f (xn−). Furthermore,
let the left- and right-hand derivatives f ′(xn−) and f ′(xn+) exist for n = 1, 2, . . . .
Then at points of continuity of f (x) its Fourier series converges uniformly to f (x),
and at each point of discontinuity it converges pointwise to

fundamental
convergence theorem

1
2

( f (xn−) + f (xn+)) for n = 1, 2, . . . .

If, in addition, f (x) has a right-hand derivative f ′(−L+) at the left end point of
the interval and a left-hand derivative f ′(L−) at the right end point of the interval,
then at x = ±L the Fourier series converges pointwise to

1
2

( f (−L+) + f (L−)).

In effect, this theorem says that if f (x) is piecewise continuous and bounded
over the interval −L < x < L with derivatives defined to the left and right of each
discontinuity, its Fourier series converges uniformly to f (x) wherever it is continu-
ous and to the mid-point of the jump where there is a discontinuity. If, in addition,
one-sided derivatives exist at the ends of the interval, then at both x = −L and
x = L the Fourier series converges to the average of the values of f (x) at the two
ends of the interval.

A consequence of this theorem that is sometimes useful is that it allows many
numerical series to be summed in closed form. Results of this type follow by choos-
ing a value of x for which the terms of the Fourier series take on a simple numerical
form, and equating the result to the appropriate value of f (x). At a point x = x∗

where f (x) is continuous the series will converge to f (x∗), and at a point x = x∗

where f (x) is discontinuous the series will converge to the mid-point of the jump.
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EXAMPLE 9.7 (a) Given that the step function

f (x) =
{−1, for −π < x < 0

1, for 0 < x < π

has the Fourier series

f (x) = 4
π

∞∑
n=1

sin(2n − 1)x
2n − 1

,

find a series for π/4.
(b) Given that

f (x) =
{

0, for −π < x < 0
x2, for 0 ≤ x < π

has the Fourier series

f (x) = π2

6
+

∞∑
n=1

{[
2(−1)n

n2

]
cos nx + 1

π

[
(−1)n

(
2
n3

− π2

n

)
− 2

n3

]
sin nx

}
,

find a series for π2/6.

Solution

(a) The function f (x) graphed in Fig. 9.9 is seen to be discontinuous at x = 0
and to have different values at x = ± π . The average of the values of f (x) to the
immediate left and right of the discontinuity at x = 0 is zero, so the Fourier series
will converge to the value zero when x = 0. Setting x = 0 in the Fourier series
causes every term to vanish, so equating this to the value to which the Fourier
series converges at the origin yields the uninteresting result 0 = 0.how Fourier series

can be used to
sum series

To obtain a more interesting result, let us try setting x = π/2, which makes
sin (2n − 1)π

2 = (−1)n+1. The function f (x) is continuous at this point and equal
to 1, so its Fourier series will converge to the value 1 when x = π/2. Inserting this
value of x into the Fourier series and equating the result to 1 gives

1 = 4
π

(
1
1

− 1
3

+ 1
5

− · · ·
)

,

so

π

4
= 1

1
− 1

3
+ 1

5
− · · · =

∞∑
n=1

(−1)n+1

(2n − 1)
.

−π 0 π

1

−1

f(x)

x

FIGURE 9.9 The step function f (x).
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(a)

2 3−3 −2 −1

2

4

6

8

10

f

x

10

(b)

2 3−3 −2 −1

2

4

6

8

Sn

x

FIGURE 9.10 (a) The function f (x) and
(b) S10(x).

This series, known as Leibniz’ formula, converges very slowly, so it is not useful for
computing π .

(b) The function f (x) is graphed in Fig. 9.10(a), and S10(x) in Fig. 9.10(b). The
average of the values of f (x) at the end points of the interval −π < x < π is π2/2,
so setting x = π in the Fourier series and equating the result to π2/2 as required by
the last part of Theorem 9.2 gives

π2

2
= π2

6
+ 2

∞∑
n=1

1
n2

,

where we have used the fact that cos nπ = (−1)n and sin nπ = 0 for positive
integers n.

This result simplifies to the series

π2

6
= 1 + 1

22
+ 1

32
+ · · · =

∞∑
n=1

1
n2

,

which converges somewhat faster than the series in part (a).

Gibbs phenomenon

Examination of Fig. 9.3 and also Fig. 9.6 in Section 9.1 shows that when f (x) is
discontinuous, the graph of the partial sum Sn(x) of the Fourier series representation
of the function exhibits over- and undershoots close to the discontinuities. This is
called the Gibbs phenomenon, and it persists for all values of n. This behavior
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(b)

2 3−3 −2 −1

0.2

−0.2

0.6

0.4

0.8

Sn

x

1

FIGURE 9.11 An example of the Gibbs
phenomenon with (a) n = 10, and (b) n = 20.

reflects the way the continuous function Sn(x) obtained from the Fourier series
approximates the behavior of f (x) at a point of discontinuity. Increasing n simply
moves the under- and overshoots closer to the discontinuity while leaving their size
approximately the same.

Figure 9.11 shows the Gibbs phenomena for the function

f (x) =
⎧⎨⎩

0, −π < x < −π/2
1, −π/2 < x < π/2
0, π/2 < x < π

for different partial sums Sn(x). The results should be compared with Fig. 9.3, which
shows the graph of S5(x).

We now state without proof two important theorems concerning the term-
by-term integration and differentiation of Fourier series that are often useful, but
before doing so we first define what are called Dirichlet conditions, which are sat-
isfied by most functions of practical importance.

A function f (x) is said to satisfy Dirichlet conditions on an interval −L < x < L
if it is bounded on the interval, has at most a finite number of maxima and minima,
and is continuous apart from a finite number of discontinuities in the interval.

THEOREM 9.2 Termwise integration of Fourier series The integral of any function f (x) satisfying

when a Fourier series
can be integrated

Dirichlet conditions on the interval −L ≤ x ≤ L can be obtained by term-by-term
integration of the Fourier series representation of f (x). So, if f (x) has the Fourier
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series representation

f (x) = a0 +
∞∑

n=1

(
an cos

(nπx
L

)
+ bn sin

(nπx
L

))
for −L ≤ x ≤ L,

then ∫ x

−L
f (u)du = a0(x + L)

+ L
π

∞∑
n=1

[
an

n
sin
(nπx

L

)
− bn

n

(
cos

(nπx
L

)
+ (−1)n+1

)]
for −L ≤ x ≤ L.

THEOREM 9.3 Termwise differentiation of Fourier series Let f (x) be a continuous function on

when a Fourier series
can be differentiated

the interval −L ≤ x ≤ L such that f (−L) = f (L), and suppose also that f ′(x) is
piecewise continuous. Then for any x strictly inside the interval at which f ′′(x) exists,
the derivative of f (x) can be obtained by term-by-term differentiation of the Fourier
series representation of f (x). So, if f (x) has the Fourier series representation

f (x) = a0 + π

L

∞∑
n=1

(
an cos

(nπx
L

)
+ bn sin

(nπx
L

))
for −L ≤ x ≤ L,

then

f ′(x) = π

L

∞∑
n=1

(
−nan sin

(nπx
L

)
+ nbn cos

(nπx
L

))
for −L < x < L,

except for points at where f ′(x) and f ′′(x) are not defined.

EXAMPLE 9.8 Use the Fourier series representation of the function

f (x) =
{−1, −π < x < 0

1, 0 < x < π

given in Example 9.7 to find a Fourier series representation of F(x) = ∫ x
−π

f (t)dt
in the interval −π < x < π , and relate the result to Example 9.4.

Solution As f (x) satisfies the conditions of Theorem 9.2, its Fourier series repre-
sentation may be integrated term by term to obtain the Fourier series representation
of

F(x) =
∫ x

−π

f (t)dt =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫ x

−π

−1dt = −(x + π), for −π < x < 0∫ 0

−π

−1dt +
∫ x

0
1dt = x − π for 0 < x < π.
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From Example 9.7, the Fourier series representation of f (x) is

f (x) = 4
π

∞∑
n=1

sin(2n − 1)x
2n − 1

,

so replacing x by the dummy variable t and integrating over the interval −π ≤ t ≤ x
gives

F(x) = 4
π

∞∑
n=1

∫ x

−π

sin(2n − 1)t
2n − 1

dt = − 4
π

[ ∞∑
n=1

cos(2n − 1)x
(2n − 1)2

−
∞∑

n=1

cos(2n − 1)π
(2n − 1)2

]
.

As cos(2n − 1)π = −1 for n = 1, 2, . . . , this reduces to

F(x) = − 4
π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

− 4
π

∞∑
n=1

1
(2n − 1)2

.

The numerical series on the right can be summed by applying the Parseval
relation to the Fourier series representation of f (x) to obtain

2 =
∞∑

n=1

(
4

π(2n − 1)

)2

, or
π2

8
=

∞∑
n=1

1
(2n − 1)2

.

Replacing the numerical series in F(x) by π2/8 reduces it to∫ x

−π

f (t)dt = − 4
π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

− 4
π

π2

8
= −π

2
− 4

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

,

and so the required Fourier series representation is

F(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫ x

−π

−1dt = −(x + π), for −π < x < 0∫ 0

−π

−1dt +
∫ x

0
1dt = x − π, for 0 < x < π

⎫⎪⎪⎪⎬⎪⎪⎪⎭
= −π

2
− 4

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

.

Examination of F(x) shows that F(x) = |x| − π , so as a check we see that the
Fourier series representation of the function |x| in the interval −π ≤ x ≤ π can be
obtained by adding π to the Fourier series representation of F(x) to obtain

|x| = π

2
− 4

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

, for − π ≤ x ≤ π,

in agreement with the result of Example 9.4 with L = π .

EXAMPLE 9.9 Given

f (x) =
⎧⎨⎩

sin 2x, −π ≤ x < −π/2
0, −π/2 ≤ x ≤ π/2
sin 2x, π/2 < x ≤ π,

find f ′(x) by differentiation of the Fourier series representation of f (x).
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Solution The function satisfies the conditions of Theorem 9.3, so its Fourier
series representation may be differentiated term by term to find the Fourier
series representation of f ′(x). It was shown in Example 9.2 that the Fourier se-
ries representation of f (x) is

f (x) = 1
2π

+ 1
π

(
2
3

cos x − 2
5

cos 3x − 1
3

cos 4x − · · ·
)

+ 1
π

(
−2

3
sin x + 3π

4
sin 2x − 2

5
sin 3x + · · ·

)
,

so differentiation shows the first few terms of the Fourier series for f ′(x) to be

f ′(x) = 1
π

(
−2

3
sin x + 6

5
sin 3x + · · ·

)
+ 1

π

(
−2

3
cos x + 3π

2
cos 2x − · · ·

)
,

where from the definition of f (x)

f ′(x) =
⎧⎨⎩

2 cos 2x, −π ≤ x < −π/2
0, −π/2 ≤ x ≤ π/2
2 cos 2x, π/2 < x ≤ π.

Summary The convergence of Fourier series has been examined, and it has been shown that
where f (x) is continuous its Fourier series representation converges to f (x), but where
it has a finite jump discontinuity it converges to the mid-point of the jump. The Bessel
inequality and the Parseval relation have been established, and conditions given for the
termwise integration and differentiation of a Fourier series.

EXERCISES 9.2

In Exercises 1 through 4, apply the Parseval relation to the
given function and its Fourier series to obtain a series rep-
resentation involving a power of π .

1. f (x) =
{−1, −π < x < 0

1, 0 < x < π

with f (x) = 4
π

∞∑
n=1

sin(2n − 1)x
2n − 1

.

2. f (x) = x, −π < x < π

with f (x) = 2
∞∑

n=1

(−1)n+1 sin nx
n

.

3. f (x) = x2, −π ≤ x ≤ π,

with f (x) = π2

3
− 4

∞∑
n=1

(−1)n+1 cos nx
n2

.

4. f (x) = | cos x|, −π ≤ x ≤ π

with f (x) = 2
π

+ 4
π

∞∑
n=1

(−1)n+1 cos 2nx
(4n2 − 1)

.

5. Show that the Parseval relation for a function f (x) de-
fined on the interval −L < x < L takes the form

1
L

∫ L

−L
[ f (x)]2dx = 2a2

0 +
∞∑

n=1

(
a2

n + b2
n

)
.

6. Find the Fourier series for the function

f (x) =
{

0, −4 ≤ x < 0
4, 0 ≤ x < 4

and apply the Parseval relation in Exercise 5 to the re-
sult.

7. Use the Fourier series in Example 10.6(b) for the func-
tion

f (x) =
{

0, for −π ≤ x ≤ 0
x2, for 0 < x < π

to find a series for π 2/12.
8. Use the Fourier series for f (x) = | sin x|, for −π ≤ x ≤

π , to find a series for π/4.
9. Use the Fourier series for

f (x) =
{

0, for −1 < x < 0
x, for 0 ≤ x < 1

to find a series for π2/8.
10. Integrate the Fourier series of f (x) in Exercise 2 to find

the Fourier series of x2. What happens if the Fourier
series of f (x) is differentiated to find f ′(x)?
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11. Find the Fourier series of f (x) = π2 − x2 for −π ≤ x ≤
π and use it with Theorems 10.2 and 10.3 to find the
Fourier series of x and x(π2 − x2).

Exercises 12 through 18 are optional. Exercises 12 through
14 show how the partial sum

Sn(x) = a0 +
n∑

r=1

(ar cos r x + br sin r x),

of the Fourier series of a function f (x) defined over the
fundamental interval −π ≤ x ≤ π , and by periodic exten-
sion outside it, can be expressed as an integral. Exercises 15
through 17 provide an intuitive justification of Theorem 9.1.

12. Starting from the trigonometric identity

1
2

+
n∑

r=1

cos r x =
sin
[(

n + 1
2

)
x
]

2 sin
(

x
2

)
that formed Exercise 19 in Section 1.4, integrate the
identity first over the interval [−π, 0] and then over the
interval [0, π ] to show that

∫ 0

−π

sin
[(

n + 1
2

)
x
]

sin
(

x
2

) dx = π and

∫ π

0

sin
[(

n + 1
2

)
x
]

sin
(

x
2

) dx = π.

13. Substitute the Euler formulas for ar and br into Sn(x),
after first replacing the dummy variable x in each inte-
gral by the dummy variable u to avoid confusion with
the variable x in Sn(x). Combine all terms under a single
integral sign and, after simplifying the result using the
formula cos a cos b+ sin a sin b = cos(a − b), use the re-
sults of Exercise 12 to show that

Sn(x) = 1
π

∫ x+π

x−π

f (x − t)
sin
[(

n + 1
2

)
t
]

2 sin
(

t
2

) dt.

14. Use the periodicity of the integrand of Sn(x) in Exercise
13 to show that

Sn(x) = 1
π

∫ π

0
[ f (x − t) + f (x + t)]

sin
[(

n + 1
2

)
t
]

2 sin
(

t
2

) dt.

The function Dn(t) = sin[(n + 1
2 )t]/[2 sin( t

2 )] occurring
in the integrand of Sn(x) is called the Dirichlet kernel.

15. Use a computer to graph Dn(t) in Exercise 14 in the
interval −π ≤ t ≤ π , for n = 10, 15, 30. Confirm from
the graphs that when n is large Dn(t) only differs sig-
nificantly from zero in the interval −2π/(2n + 1) ≤ t ≤
2π/(2n + 1).

16. Use the conclusion of Exercise 15 together with the re-
sult ∫ π

−π

Dn(t)dt = π

established in Exercise 12 to give reasons why for large
n the Dirichlet kernel Dn(t) can be approximated by the
rectangular pulse function

�(t) =
⎧⎨⎩

0, −π ≤ t < −2π(2n + 1)
(2n + 1)/4, −2π/(2n + 1) ≤ t ≤ 2π/(2n + 1)
0, 2π/(2n + 1) < t ≤ π.

17. Use the result of Exercise 16, with

Sn(x) = 1
π

∫ π

0
[ f (x − t) + f (x + t)]Dn(t)dt

from Exercise 14, to suggest why in the limit as n → ∞
this confirms the convergence properties of Fourier se-
ries stated in Theorem 9.1.

18. By first setting f (x) = sin mx and then f (x) = cos mx
in the result of Exercise 17, with m a positive integer,
and using the fact that the functions sin mx and cos mx
are their own Fourier series on −π ≤ x ≤ π , deduce
that∫ π

0
sin mt Dn(t)dt =

∫ π

0
cos mt Dn(t)dt

=
{

0, n = 1, 2, . . . , m − 1
π/2, n = m, m + 1, . . . .

9.3 Fourier Sine and Cosine Series on 0 ≤ x ≤ L

A function f (x) that is specified on the interval 0 ≤ x ≤ L can be represented
in terms of a series either of sines or of cosines on the interval. These series are
obtained by first extending the definition of the function to the interval −L ≤ x ≤ L
in a suitable manner, and then restricting the Fourier series representation of the
extended function to the original interval 0 ≤ x ≤ L.
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Sine Series on 0 ≤ x ≤ L
Let a function f (x) specified on the interval 0 ≤ x ≤ L be extended to the interval
−L ≤ x ≤ L as an odd function by the requirement that f (−x) = − f (x) for −L ≤
x ≤ L. Then the odd function g(x) given by

g(x) =
{− f (−x), −L ≤ x ≤ 0

f (x), 0 ≤ x ≤ L,

and defined on the interval −L ≤ x ≤ L, coincides with the function f (x) on the
original interval 0 ≤ x ≤ L.

It follows from Theorem 9.1 and the Fourier series representation of functions
on the interval −L ≤ x ≤ L that

f (x) =
∞∑

n=1

bn sin
nπx

L
, for −L ≤ x ≤ L, (28)

where

bn = 2
L

∫ L

0
f (x) sin

nπx
L

dx, for n = 1, 2, . . . . (29)

As the functions f (x) and g(x) coincide for 0 ≤ x ≤ L, we see that by restricting
x to the interval 0 ≤ x ≤ L, series (28) is the required sine series. Result (28) with
the coefficients bn defined by (29) is called the sine series representation of f (x) on
the interval 0 ≤ x ≤ L, or sometimes the half-range sine series expansion of f (x).

Cosine Series on 0 ≤ x ≤ L
If f (x) is extended to the interval −L ≤ x ≤ L as an even function, by requiring
that f (−x) = f (x) for −L ≤ x ≤ 0, we can define an even function g(x) by

g(x) =
{

f (−x), −L ≤ x ≤ 0
f (x), 0 ≤ x ≤ L.

If we again use Theorem 9.1 with the Fourier series representation of functions on
the interval −L ≤ x ≤ L, it follows that

f (x) = a0 +
∞∑

n=1

an cos
nπx

L
, for −L ≤ x ≤ L (30)

where

a0 = 1
L

∫ L

0
f (x)dx and an = 2

L

∫ L

0
f (x) cos

nπx
L

dx, for n = 1, 2, . . . .

(31)

Here also the functions f (x) and g(x) coincide for 0 ≤ x ≤ L, so by restrict-
ing x to this interval (30) is seen to provide required cosine series representation
of f (x) on the interval 0 ≤ x ≤ L. Result (31) with the coefficients an defined by
(32) is called the cosine series representation of f (x) on the interval 0 ≤ x ≤ L, or
sometimes the half-range cosine series expansion of f (x).
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Sine and cosine representations of f (x) on 0 ≤ x ≤ L

Let f (x) be defined on the interval 0 ≤ x ≤ L. Then the sine series represen-

Fourier expansions
only in terms of
sines or cosines

tation of f (x) is given by

f (x) =
∞∑

n=1

bn sin
nπx

L
, for 0 ≤ x ≤ L,

where

bn = 2
L

∫ L

0
f (x) sin

nπx
L

dx, for n = 1, 2, . . . ,

and the cosine series representation of f (x) is given by

f (x) = a0 +
∞∑

n=1

an cos
nπx

L
, for 0 ≤ x ≤ L,

where

a0 = 1
L

∫ L

0
f (x)dx and an = 2

L

∫ L

0
f (x) cos

nπx
L

dx,

for n = 1, 2, . . . .

EXAMPLE 9.10 Find the sine and cosine representations of f (x) = x for 0 ≤ x ≤ π .

Solution The sine series representation is given by

f (x) =
∞∑

n=1

bn sin nx,

where

bn = 2
π

∫ π

0
x sin nxdx, for n = 1, 2, . . . .

Integrating this last result, we find that

bn = (−1)n+1 2
n
,

so the required sine series representation is

f (x) = 2
∞∑

n=1

(−1)n+1 sin nx
n

for 0 ≤ x ≤ π.

The cosine series representation is given by

f (x) = a0 +
∞∑

n=1

an cos nx,
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where

a0 = 1
π

∫ π

0
xdx and an = 2

π

∫ π

0
x cos nxdx for n = 1, 2, . . . .

Integration gives

a0 = π

2
, while a2n−1 = − 4

π(2n − 1)2
, and a2n = 0 for n = 1, 2, . . . ,

so the cosine series representation is

f (x) = π

2
− 4

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

for 0 ≤ x ≤ π.

Summary It has been shown how a function f (x) defined on the interval 0 ≤ x ≤ L can be repre-
sented either in terms of a series involving only sine functions or as a series involving only
cosine functions. These special Fourier series, called either half-range sine or cosine Fourier
series, were obtained from the usual expansion over the interval −L ≤ x ≤ L by extending
the definition of f (x) to the interval −L ≤ x ≤ L in a suitable manner. As half-range Fourier
series are derived from ordinary Fourier series, their convergence properties are the same
as those of ordinary Fourier series.

EXERCISES 9.3

In Exercises 1 through 4 find the sine series for the given
function defined on the interval 0 ≤ x ≤ π .

1. f (x) = x2.

2. f (x) = | cos x|.
3. f (x) =

{
cos x, 0 < x ≤ π/2
0, π/2 < x ≤ π.

4. f (x) = (x − π)2/π 2.

In Exercises 5 through 8 find the cosine series for the given
function defined on the interval 0 ≤ x ≤ π .

5. f (x) =
{

cos x, 0 < x ≤ π/2
0, π/2 < x ≤ π.

6. f (x) = sin x.

7. f (x) =
{

sin x, 0 < x ≤ π/2
0, π/2 < x ≤ π.

8. f (x) = (x − π)2/π 2.

9. Use the sine series together with the orthogonality of
the functions sin nπx

L , for n = 1, 2, . . . , on the interval
0 ≤ x ≤ L to show that the Parseval relation for the
sine series takes the form

2
L

∫ L

0
[ f (x)]2dx =

∞∑
n=1

b2
n.

10. Use the cosine series together with the orthogonality
of the functions cos nπx

L , for n = 1, 2, . . . , on the inter-
val 0 ≤ x ≤ L to show that the Parseval relation for

the cosine series takes the form

2
L

∫ L

0
[ f (x)]2dx = 2a2

0 + 02 +
∞∑

n=1

a2
n.

11. Find the sine series representation of

f (x) = e−x, 0 < x < π.

12. Find the sine and cosine series representations of
f (x) = π − x on the interval 0 ≤ x ≤ π . Use them
with the results of Exercises 9 and 10 to show that

π2

6
=

∞∑
n=1

1
n2

and
π 4

96
=

∞∑
n=1

1
(2n − 1)4

.

Comment on which series representation converges
most rapidly to f (x).

13.* Explain why if f (x) and g(x) have Fourier series rep-
resentations for −π ≤ x ≤ π , the Fourier series repre-
sentations of f (x) ± g(x) can be obtained from those
for f (x) and g(x) by term-by-term addition or sub-
traction. By adding and subtracting the Fourier series
representations of∫ π

−π

[ f (x) + g(x)]dx and
∫ π

−π

[ f (x) − g(x)]dx,

obtain the generalized Parseval relation

1
π

∫ π

−π

f (x)g(x)dx = 2a0 A0 +
∞∑

n=1

(an An + bn Bn),
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where the an, bn are the Fourier coefficients of f (x)
and the An, Bn are the Fourier coefficients of g(x).

14.* Let f (x) defined for −π ≤ x ≤ π be approximated by
the nth partial sum of its Fourier series representation

Sn(x) = a0 +
n∑

m=1

(am cos mx + bm sin mx),

and let

�(x) = A0 +
n∑

m=1

(Am cos mx + Bm sin mx)

be any other approximation to f (x) with coefficients
Am and Bm. Show by expanding the square error

En =
∫ π

−π

[ f (x) − �n(x)]2dx

in terms of the Fourier series representation of f (x)
that En is minimized when Am = am and Bm = bm

for m = 0, 1, 2, . . . , n. This establishes the fact that
the Fourier series partial sum Sn(x) provides the
best trigonometric approximation to f (x) in the least
squares sense.

9.4 Other Forms of Fourier Series

In this section we introduce two other forms of Fourier series that prove useful.
The first is the Fourier series of a function f (x) defined over an interval a − L ≤
x ≤ a + Lwith a an arbitrary real number, and by periodicity outside it. Frequently
a = L, corresponding to the Fourier series over the interval 0 ≤ x ≤ 2L. The second
form of Fourier series considered uses the Euler identity eix = cos x + i sin x to
derive the complex form of the Fourier series, also often called the exponential
form of the Fourier series.

Fourier Series over a Shifted Interval
Routine integration shows the set of functions

1, sin
nπx

L
and cos

nπx
L

for n = 1, 2, . . .

form an orthogonal system over any interval of the form a − L ≤ x ≤ a + L, for
any real number a, and that∫ a+L

a−L
sin

mπx
L

cos
nπx

L
dx = 0 for all integers m and n,

∫ a+L

a−L
sin

mπx
L

sin
nπx

L
dx =

{
0 for m �= n
L for m = n, for all integers m and n,∫ a+L

a−L
cos

mπx
L

cos
nπx

L
dx =

⎧⎨⎩
0 for m �= n
L for m = n �= 0
2L for m = n = 0, for all integers m and n.

The following result is a direct consequence of these integrals, and it pro-
vides an extension of the definition of a Fourier series to the interval −L ≤
x ≤ L.

Fourier series over the interval a − L ≤ x ≤ a + L

A function f (x) defined on the interval a − L ≤ x ≤ a + L has the Fourier

Fourier series over
a shifted interval

series representation

f (x) = a0 +
∞∑

n=1

(
an cos

nπx
L

+ bn sin
nπx

L

)
, (32)
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where

a0 = 1
2L

∫ a+L

a−L
f (x)dx, an = 1

L

∫ a+L

a−L
f (x) cos

nπx
L

dx,

bn = 1
L

∫ a+L

a−L
f (x) sin

nπx
L

dx, for n = 1, 2, . . . .

(33)

EXAMPLE 9.11 Find the Fourier series representation of

f (x) =
{

x, 0 ≤ x ≤ π

π, π ≤ x < 2π.

Solution A graph of the function f (x) is shown in Fig. 9.12. Using (33) with
a = L = π gives

a0 = 1
2π

∫ 2π

0
f (x)dx = 3π

4
and an = 1

π

∫ 2π

0
f (x) cos nxdx,

from which it follows that

a2n−1 = − 2
π(2n − 1)2

and a2n = 0 for n = 1, 2, . . . .

The Euler formula for bn gives

bn = 1
π

∫ 2π

0
f (x) sin nxdx = −1

n
for n = 1, 2, . . . ,

so the required Fourier series is

f (x) = 3π

4
− 2

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

−
∞∑

n=1

sin nx
n

for 0 ≤ x < 2π.

Complex Fourier Series
The Euler identities eix = cos x + i sin x and e−i x = cos x − i sin x allow us to write

cos x = eix + e−i x

2
and sin x = eix − e−i x

2i
.

π

f(x)

π 2π 3π x0

FIGURE 9.12 The function f (x) defined for
0 ≤ x < 2π .
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When these results are used in the real variable Fourier series representation of
f (x) over the interval −L ≤ x ≤ L, it becomes

f (x) = a0 +
∞∑

n=1

[
an

(
einπx/L + e−inπx/L

2

)
+ bn

(
einπx/L − e−inπx/L

2i

)]
,

and after grouping terms we have

f (x) = a0 +
n∑

n=1

(
an − ibn

2

)
einπx/L +

n∑
n=1

(
an + ibn

2

)
e−inπx/L. (34)

If we now define

c0 = a0, cn = an − ibn

2
, and c−n = an + ibn

2
for n = 1, 2, . . . , (35)

the Fourier series representation of f (x) in (34) becomes

f (x) = lim
k→∞

k∑
n=−k

cneinπx/L for −L ≤ x ≤ L. (36)

This is the complex or exponential form of the Fourier series representation of f (x).
If real functions f (x) are considered, the Fourier coefficients an and bn are real,

and (35) then shows that cn and c−n are complex conjugates, because c−n = c̄n. To
proceed further we now make use of the fact that the functions exp(imπx/L) and
exp(−inπx/L) are orthogonal over the interval −L ≤ x ≤ L, because integration
shows that∫ L

−L
eimπx/Le−inπx/Ldx =

{
0, for m �= −n
2π for m = −n for m, n positive integers.

Multiplication of (36) by exp(−imπx/L), followed by integration over −L ≤ x ≤ L
and use of the above orthogonality condition gives

cn = 1
2L

∫ L

−L
f (x)e−inπx/Ldx, for n = 0, ±1, ±2, . . . . (37)

Collecting these results we arrive at the following definition.

The complex form of a Fourier series

Let the real function f (x) be defined on the interval −L ≤ x ≤ L. Then thethe complex or
exponential
form of a
Fourier series

complex Fourier series representation of f (x) is

f (x) = lim
k→∞

k∑
n=−k

cneinπx/L for −L ≤ x ≤ L,

where

cn = 1
2L

∫ L

−L
f (x)e−inπx/Ldx, for n = 0, ±1, ±2, . . . .
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As the complex form of a Fourier series was derived directly from the real
variable Fourier series, it follows directly that if f (x) is defined for a − L ≤ x ≤
a + L, then

f (x) = lim
k→∞

k∑
n=−k

cneinπx/L for a − L ≤ x ≤ a + L, (38)

with

cn = 1
2L

∫ a+L

a−L
f (x)e−inπx/Ldx, for n = 0, ±1, ±2, . . . . (39)

It is sometimes useful to separate out the coefficient c0 from the summation in
(36) (or in (38)) by writing

f (x) = c0 + lim
k→∞

k∑
n=−k

′
cneinπx/L, (40)

with the understanding that !′ indicates that the term corresponding to n = 0 has
been omitted from the summation.

When f (x) is real, so that c−n = cn, result (40) becomes

f (x) = c0 +
∞∑

n=1

[cneinπx/L + c̄ne−inπx/L]. (41)

Because the complex form of the Fourier series representation of a function
is derived from its real variable definition, the convergence properties of complex
Fourier series are the same as those already discussed for the real variable case.
So at points of continuity of f (x) the complex Fourier series converges uniformly
to f (x), while at points of discontinuity it converges to the mid-point of the jump
discontinuity.

EXAMPLE 9.12 Find the complex Fourier series representation of

f (x) =
⎧⎨⎩

0, −π < x < −π/2
1, −π/2 < x < π/2
0, π/2 < x < π.

Solution As the function f (x) is defined on the interval −π ≤ x ≤ π , we have
L = π , so the coefficients cn are given by

c0 = 1
2π

∫ π

−π

f (x)dx = 1
2π

∫ π/2

−π/2
1dx = 1

2

and

cn = 1
2π

∫ π

−π

f (x)e−inxdx = 1
2π

∫ π/2

−π/2
e−inxdx = 1

nπ

(
einπ/2 − e−inπ/2

2i

)
for n = ±1, ±2, . . . .

The coefficients cn reduce to the real values

cn = 1
nπ

sin
nπ

2
for n = ±1, ±2, . . . ,

so cn = c−n because cn is an even function of n. Consideration of the function
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sin(nπ/2) for integer values of n shows that

c2n−1 = (−1)n−1

π(2n − 1)
and c2n = 0 for n = 1, 2, . . . .

Thus, the complex Fourier series representation of f (x) is

f (x) = 1
2

+ lim
k→∞

k∑
n=−k

′
cn(einx + e−inx).

The real variable Fourier series representation of this function f (x) was derived in
Chapter 8, Example 8.22, and considered again at the start of Section 9.1. If cn is
used in the preceding result with einx + e−inx = 2 cos nx, the complex Fourier series
representation reduces to the real variable Fourier series representation

f (x) = 1
2

+ 2
π

∞∑
n=1

(−1)n+1 cos(2n − 1)x
(2n − 1)

that was obtained previously. This series, and the equivalent complex series, con-
verges uniformly to f (x) at points of continuity of f (x) and to the value 1/2 at the
discontinuities located at x = ±π/2.

EXAMPLE 9.13 Find the complex Fourier series representation of

f (x) =
{

0, 0 < x < 1
1, 1 < x < 4.

Solution The function f (x) is defined on the interval 0 ≤ x ≤ 2L, with 2L = 4, so
L = 2. Thus, the complex Fourier coefficients cn are given by

cn = 1
4

∫ 4

0
f (x)e−inπx/2dx = 1

4

∫ 4

1
e−inπx/2dx, for n = 0, ±1, ±2, . . . .

Setting n = 0 gives

c0 = 3
4
,

whereas

cn = i
2πn

[
1 − e−inπ/2], for n = ±1, ±2, . . . .

So the complex Fourier series representation of f (x) is

f (x) = c0 + lim
k→∞

k∑
n=−k

cneinπx/2,

with c0 and cn defined as shown.

Accounts of Fourier series and their general properties are to be found in refer-
ences [3.3] to [3.5] and also in [3.7], [3.16], and [4.2]. An advanced and encyclopedic
account of trigonometric series is given in reference [4.5].

Summary Other forms of Fourier series have been derived, first by stretching and shifting the interval
over which the expansion was required, and then by expressing the series in complex form.
As both results were derived from the ordinary Fourier series, their convergence properties
are the same as those of ordinary Fourier series.
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EXERCISES 9.4

In Exercises 1 through 4 find the Fourier series representa-
tion of the function f (x) over the given shifted interval.

1. f (x) =
{

0, 0 < x < π

1, π < x < 2π.

2. f (x) = 1 − x, 0 < x < 1.
3. f (x) = x, 0 < x < π .
4. f (x) = x2, π < x < 3π .

In Exercises 5 through 10 find the complex Fourier series

representations of the given function f (x) over the stated
interval.

5. f (x) = ex, −1 < x < 1.
6. f (x) = x2, 0 < x < 2π .
7. f (x) = ex, 0 < x < 1.
8. f (x) = sinh x, −π < x < π .
9. f (x) = ex, −π < x < π .

10. f (x) = cosh x, −1 < x < 1.

9.5 Frequency and Amplitude Spectra
of a Function

When Fourier series are applied to periodic physical phenomena with period T, it
is convenient to work in terms of the angular frequency ω0 defined as

ω0 = 2π

T
, (42)

where 1/T = ω0/2π measures the number of cycles (oscillations) occurring in one
time unit. For example, the period of the function sin 2x is T = π , so in this case
ω0 = 2.

interpreting Fourier
series representations
in a different way

The Fourier series representation of a function f (x) defined on the interval
−L ≤ x ≤ L with the corresponding period T = 2L has been shown to be

f (x) = a0 +
∞∑

n=1

(
an cos

nπx
L

+ bn sin
nπx

L

)
,

so as ω0 = π/L this can be written

f (x) = a0 +
∞∑

n=1

(an cos nω0x + bn sin nω0x), (43)

where

a0 = 1
2L

∫ L

−L
f (x)dx

an = 1
L

∫ L

−L
f (x) cos

nπx
L

dx = 1
L

∫ L

−L
f (x) cos nω0xdx for n = 1, 2, . . . , (44)

and

bn = 1
L

∫ L

−L
f (x) sin

nπx
L

dx = 1
L

∫ L

−L
f (x) sin nω0xdx for n = 1, 2, . . . . (45)
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In terms of these results (43) becomes

f (x) = a0 +
∞∑

n=1

(
a2

n + b2
n

)1/2

[
an(

a2
n + b2

n

)1/2
cos nω0x + bn(

a2
n + b2

n

)1/2
sin nω0x

]
.

(46)

Using the trigonometric identity cos(P + Q) = cos P cos Q − sin P sin Q, and
defining

An = (
a2

n + b2
n

)1/2
and δn = Arctan (−bn/an), (47)

with An the amplitude and δn the phase, allows (46) to be written more concisely
in the amplitude and phase angle representation

f (x) = a0 +
∞∑

n=1

An cos(nω0x + δn). (48)

When the Fourier series representation of f (x) is expressed in this form, the
set of numbers

ω0, 2ω0, 3ω0, . . .

frequency spectrum,
amplitude, and
phase

is called the frequency spectrum of the function f (x). The number nω0 is called the
nth harmonic frequency of f (x), and the number δn the nth phase angle of f (x).
The set of numbers

A0, A1, A2, . . . ,

where A0 = |a0|, is called the amplitude spectrum of f (x), and the function

cos(nω0x + δn)

is called the nth harmonic of the function f (x). The amplitude spectrum can be
displayed graphically by drawing lines of height A0, A1, A2, . . . , against the respec-
tive harmonic frequencies ω0, 2ω0, 3ω0, . . . , as shown in the next example. This is
called a discrete spectrum, because the amplitude is only defined at the discrete
frequencies in the frequency spectrum.

Result (48) shows how f (x) is representable in terms of a linear combination
of harmonics, each weighted by an appropriate amplitude factor An.

EXAMPLE 9.14 Find the harmonics and amplitude spectrum of

f (x) =
{
π, −π < x < 0
π − x, 0 ≤ x ≤ π.

Solution In this case the function is defined on the interval −π ≤ x ≤ π , so L =
π, T = 2L = 2π , and ω0 = 2π/T = 1. The frequency spectrum becomes 1, 2, 3, . . . ,



Section 9.5 Frequency and Amplitude Spectra of a Function 579

and the Fourier series representation in terms of frequency is

f (x) = a0 +
∞∑

n=1

(an cos nx + bn sin nx),

where

a0 = 1
2π

∫ 0

−π

πdx + 1
2π

∫ π

0
(π − x)dx = 3π

4
,

and

an = 1
π

∫ 0

−π

π cos nxdx + 1
π

∫ π

0
(π − x) cos nxdx = 1

πn2
[1 − (−1)n],

for n = 1, 2, . . . .

This last result simplifies to

a2n−1 = 2
π(2n − 1)2

, a2n = 0, for n = 1, 2, . . . .

Similarly,

bn = 1
π

∫ 0

−π

π sin nxdx + 1
π

∫ π

0
(π − x) sin nxdx = (−1)n

n
, for n = 1, 2, . . . .

Substituting the coefficients an and bn into the Fourier series gives

f (x) = 3π

4
+ 2

π

∞∑
n=1

cos(2n − 1)x
(2n − 1)2

+
∞∑

n=1

(−1)n sin nx
n

for −π ≤ x ≤ π.

To find the harmonics and the amplitude spectrum, it is necessary to group
together terms with corresponding frequencies. When this is done f (x) becomes

f (x) = 3π

4
+
(

2
π

cos x − sin x
)

+ 1
2

sin 2x +
(

2
9π

cos 3x − 1
3

sin 3x
)

+ 1
4

sin 4x +
(

2
25π

cos 5x − 1
5

sin 5x
)

+ · · · .

This shows, for example, that the fifth harmonic is proportional to

2
25π

cos 5x − 1
5

sin 5x.

The amplitudes are

A0 = |a0| = 3π

4
, A1 =

[(
2
π

)2

+ (−1)2

]1/2

,

A2 = 1
2
, A3 =

[(
2

9π

)2

+
(

−1
3

)2
]1/2

,

A4 = 1
4
, A5 =

[(
2

25π

)2

+
(

−1
5

)2
]1/2

, . . . .

In general

A2n−1 = 1
(2n − 1)

[
4

(2n − 1)2π2
+ 1

]1/2

and A2n = 1
2n

, for n = 1, 2, . . . .


